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Abstract

Given the Lie algebra Lfp of vector fields of a free particle then in a joint field of interacting
particles an interacton is defined as a direct summand isomorphic to Lfp. For several soliton
equations it is shown how interactons can be obtained from various methods of symmetry anal-
ysis and how their dynamics can be expressed in terms of self-interaction alone; this procedure
leads to new integrable systems. Furthermore, in case of nonlinear Schrödinger equations it is
shown how the dynamics of interactons can be formulated in terms of self-consistent potentials
with antlinear parts.

1 Introduction

First we demonstrate that there is still some need to clarify the notion of particle in an interacting
field.

We consider a number of equal particles in RI 3 with mass 1, say r particles acting on each other
by a force coming from a joint potential V . The potential is assumed to depend additively on the
differences between the positions. We assume that asymptotically these r particles are free. That
means that each particle, for time t going to infinity, moves along a line �ρ(t) = �q+�k ∗ t where �q is a
phase and �k the asymptotic speed. The total energy of this system of r particles is E = Ekin + Epot

with kinetic and potential energy

Ekin :=
1
2

∑
i

�vi(t)
2
, �vi(t) := �ρi(t)t

Epot :=
1
2

∑
i,j

V (�ρi(t)− �ρj(t)) .
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By the principle of least action the equation of motion in phase space is found to be

d

dt

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

�v1
...
�vr

�ρ1

...
�ρr

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
(

0 −I
+I 0

)
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

�v1
...
�vr

∇ �ρ1Epot

...
∇ �ρr

Epot

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(1.1)

where ∇�ρi
Epot denotes the gradient with respect to �ρi and where I is the unit matrix in RI 3r

.
Usually the mass concentrated at the point ρi(t) is considered to be the i-th particle, and ρi(t)

is considered to be its orbit. Since we are going to shed some doubt on this notion of a particle we
call it for the moment the phenomenological particle. Sometimes however, there is no doubt that we
really have to do with particles. For example, in the following system where no interaction takes
place

d

dt

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

�v1
...
�vr

�ρ1

...
�ρr

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
(

0 −I
+I 0

)
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

�v1
...
�vr

0
...
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(1.2)

We agree on the principle:
wether or not a particle is present in a flow should not depend on the parametrization on the manifold
on which the flow takes place. This requirement of differential geometric invariance is a principle
which we cherish in honour to Albert Einstein.

However, the notion of a particle as given above for the phenomenological particle is not indepen-
dent of the parametrization of the manifold. To see this let us do the following gedankenexperiment:
We want to reparametrize RI 2m,m := r ∗ 3. Consider therefore 2r points �x1, · · · , �xr, �y1, · · · , �yr in
RI 3 as elements of 2m-dimensional space. In order to find a new parametrization connected to our
dynamical system (1.1) we consider this point in RI 2m to be the set of initial positions and speeds of
the r-particle system at time t = 0. In our gedankenexperiment we let this system evolve according
to the dynamic (1.1). Then we measure its asymptotical phases and speeds �q1, · · · , �qr, �k1, · · · , �kr. The
set of these 2r vectors we consider as the new coordinate of the original point �x1, · · · , �xr, �y1, · · · , �yr.
Thus we have found a new parametrization of RI 2m.

Independent of the fact that it may be difficult to compute the diffimorphism necessary for
effectively obtaining our new parametrization of the manifold, we can easily express our r-particle
flow in these new parameters. To do so, we consider the flow with asymptotic speeds �k1, · · · , �kr and
phases �q1, · · · , �qr at time t = 0. Then obviously the initial state expressed in the new parameters
has the values given by these speeds and phases. Now consider the positions and speeds of the same
system at time t = t0. For finding the new coordinates we have to take the positions and speeds
at that time as a new initial state for the evolution of the system according to the same dynamic.
Obviously the speeds we obtain by this gedankenexperiment are the same as before and the phases
are just shifted by �kit0. So the orbit which our r-particle system runs through in time with respect
to the new parameters is given by

�qi(t) = �qi(0) + �kit and �ki(t) = �ki(0) .



Hence the flow (1.1) now has the following simple form:

d

dt

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

�k1

...
�kr

�q1
...
�qr

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

=
(

0 −I
+I 0

)
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

�k1

...
�kr

0
...
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(1.3)

However, up to a renaming of variables, this is the same flow as in (1.2). Hence, if there we were
right in identifying the particles, and if the notion is a differential geometric invariant notion1, then
here also the particle must be given by the �ki and the �qi. Then in original parameters the particles
are obtained by going back with the diffeomorphism (given by the change in parameters) to the
original manifold. And surprisingly, this is not the same as the quantity which we have termed
phenomenological particle.

The problem remains to determine what we really mean by particle. Certainly, an important
quantity like the notion of a particle in an interacting field has to be independent of time and
asymptotical considerations and therefore should be found from the dynamics of the joint field by
a group theoretical reduction. Indeed, the particles which we have identified in the example above
by reparametrization do fulfill this requirement because there the i-th particle can be obtained in
connection with the directional derivative of the flow with respect to the i-th phase and since the
speed ki is a conserved quantity this corresponds to a group theoretical reduction.

The formalization of this principle for continuous fields will be one of the aims of this paper.
Furthermore, the resulting notions will be studied in context of soliton equations, which turn out
to have the property that the dynamics of the resulting particles can be expressed in terms of self-
interaction. As a consequence it turns out that with intergrable equations there are canonically
associated other integrable equations which describe the particles in terms of self-interaction, these
equations are called interacton equations, their solutions are the interactons of the corresponding
field. They will be explicitely determined in case of recursion operators or auto-Bäcklund trans-
formations. Furthermore, in the general case, the connection of interactons with self-consistent
potentials is pointed out.

2 The free and the interacting particle

Surprisingly, not much attention has been directed to the question how to recognize individual
particles in an interacting field, particles are mostly characterized as asymptotic phenomana. Of
course, the reason for this is that for most parts of physics, this is the only relevant question.

We shall formalize the notion of particle in the situation of flows on general manifolds. To make
things simple, in the following all tensors and manifolds are assumed to be C∞, the dimension of a
manifold is either assumed to be finite and even or to be infinite.

Let M be a symplectic manifold, denote its arbitrary point by u and let G(u) be a hamiltonian
vector field on M . We consider the flow

ut = G(u) (2.1)

1Since (1.3) obviously is an integrable flow it looks as if we had proven that all N -body problems are integrable.
However, since the new parameters are not necessarily obtained from the old parameters by quadratures we are far
away from having proven such an erroneous statement. Indeed our requirement of differential geometric invariance
is far more than what we usually rquire, for example, in general relativity. Here, we not only required differential
geometric invariance on the physical space-time manifold but also on the manifold of all solutions for the dynamics
under consideration.



Its solutions we denote by u(t). For simplicity, we assume that G(u) is such that the map

u(0)
R(t)−→ u(t) (2.2)

is a C∞-semigroup of diffeomorphisms on M . Particles in the joint field u are assumed to have n
degrees of freedom.

2.1 Free particles

Free particles, which shall be special solutions of (2.1), are assumed to be characterized by n action
and n angle variables (see [2] for action-angle variable coordination) . The manifold of all possible
states of a free particle therefore is a 2n-dimensional invariant manifold on which the restriction of
the flow is an integrable hamiltonian flow. To see this:
Consider the angle variables and denote by �k = (k1, . . . , kn) their time derivatives, which have to be
constant by definition of the notion of angle variables.

By T1(u), · · ·Tn(u) we denote the vector fields given by taking on the special invariant manifold
the derivative of u with respect to these angle variables. The n vector fields Ti(u), on the special
manifold under consideration, mutually commute, and they all commute with G(u). Furthermore,
the T1, . . . , Tn are linear independent in each point on the manifold. We write

T�k(u) =
∑

kiTi(u) . (2.3)

then ut = T�k(u) and for each �k the submanifold

M�k = {u ∈M | G(u) = T�k(u)}.
is invariant with respect to (2.1). The union

Mfp =
⋃
{M�k|�k ∈ RI n}

we call the one-particle manifold. The M�k are the fibres of Mfp and the index �k is said to be the
abstract momentum of the particle and 1/2

∑
k2

i is called its abstract energy. The maps

v(0)
R�k

(t)→ v(t) (2.4)

associated with the solutions of
vt = T�k(v) (2.5)

do form a C∞-group of diffeomorphisms on Mfp. The map R�k(1) at t = 1 we call the translation
associated to �k.

For convenience, we use a C∞-section Sfp in Mfp which, for each �k ∈ RI n exactly has one point
in common with M�k. This point we denote by S�k and call it the origin of the fibre M�k.

In order to see that our notions are well chosen, we consider the non-compact case, i.e. the case
that each M�k is simply connected. Then Mfp has a canonical representation since each point on
any fibre M�k can be reached from the origin by a unique translation because of

Mfp =
⋃
{R�q(1)Sfp | �q ∈ RI n}. (2.6)

This is easy to see: The fibres are invariant under all translations and there are n independent
translations on each n-dimensional fibre, hence the translations have to span the fibres. So each
s ∈Mfp is characterized by its momentum �k and its phase �q defined by

R�q(−1)s ∈ Sfp. (2.7)



Observation 2: The restriction of ut = G(u) to Mfp is diffeomorph to the flow of a mass-1 single
particle in RI n in the absence of potential energy. Momentum, energy and space-translation of this
flow are exactly the abstract quantities defined above.
Proof: To see this we parametrize Sfp by the �k ∈ RI m by assigning to each point s ∈ Sfp the �k such
that s ∈ M�k. By this, and the translations we obtain a parametrization of Mfp in terms of the �k
and �q. Now representing the points u on Mfp by the �q and �k then ut = G(u) reads(

�k
�q

)
t

=
(

0 −I
I 0

)
grad

1
2

∑
k2

i (2.8)

where I denotes the n× n unit matrix. �
Observation 3: Observe that the system (2.8) has two different hamiltonian fromulations namely

(
�k
�q

)
t

=
(

0 −I
I 0

)
grad

1
2

∑
k2

i =

(
0 −diag(�k)

diag(�k) 0

)
grad

∑
ki (2.9)

where diag(�k) is the diagonal matrix with the components of �k as entries. Of course, only one of
these hamiltonian formulations is in canonical form.
Observation 4: The physical energy

Efp := E(�k) (2.10)

coming from the hamiltonian formulation of the system of the free paticle is not necessarily given by
the abstract energy. Correspondingly, the original symplectic form of the hamiltonian system (2.1),
considered on the manifold Mfp, may not coincide with the symplectic form given by the abstract
hamiltonian formulation (2.8). All we know [2, p. 221, 280] is that for the symplectic form of the
original system there are symplectic coordinates {I1, . . . , In, q1, . . . , qn} on Mfp such that for the
free particle energy, expressed as a function in the (I1, . . . , In)

Efp = E(I1, . . . , In) we have
∂Efp

∂Ii
= ki .

Hence the symplectic coordinates are obtained by a transformation in the parameter space of the
momenta alone.

The Lie algebra of the vector fields of the manifold Mfp has a canonical structure. Since the
vector field Lie algebra does not depend on the special symplectic form under consideration we
may use the hamiltonian system (2.8) and the correspondence between its Poisson brackets and the
hamiltonian vector fields to investigate that Lie algebra. We consider the vector fields

Mi :=
∂u

∂ki
, Ti :=

∂u

∂qi
(2.11)

which are given by differentiating the manifold points with respect to the components of abstract
momentum and phase, respectively. Obviously, the latter are the Ti. The Mi, Ti which we call angle
fields and action fields, respectively, they are the vector fields corresponding, via the symplectic form
of (2.8), to the vector fields qi and ki, respectively. The infinitesimal generator of time translation is
given by the linear combination over the action fields multiplied with the corresponding components
of abstract momentum:

ut = G(u) = T�k(u).

Since, with respect to (2.8), the Poisson brackets { , }fp of the (k1, . . . , kn, q1, . . . , qn) fulfill

{ki, kj}fp = 0, {qi, qj}fp = 0, {qi, kj}fp = δij . (2.12)



we obtain as a consequence that the action fields as well as the angle fields all commute with each
other and for the commutator with the generator of time translation we see

[Ti, G(u)] = 0, [Mi, G(u)] = Ti. (2.13)

The fact that the last bracket does not vanish is due to the multiplication of the Ti by the ki.
Furthermore, since the transformation to the symplectic variables only acts upon the actions and
not on the angles, the action fields are hamiltonian because they are hamiltonian with respect to
(2.8).

Definition 5: Given a hamiltonian dynamic ut = G(u). An abelian Lie algebra of dimension
2n consisting of vector fields Ti,Mi, i = 1, . . . , n with hamiltonian Ti and such that (2.13) holds, is
called an n-dimensional free particle Lie algebra.

At the end we remark that if we drop the assumption that the fibres are non-compact, then the
only difference is that the phases are not unique but periodic.

2.2 Interacting particles

We are now in the position to define a particle in a hamiltonian joint field of interacting particles.
Heuristically our definition reads:
A particle with n degrees of freedom is characterized by a set of dynamical variables, called eigen-
variables of the particle, such that for the remaining field the effect of small changes in of any of
the eigen-variables is negligible compared to the change itself. In addition it is required that the
eigen-variables can be rescaled such that their corresponding vector fields form a free particle Lie
algebra.

As a consequence we obtain that the derivative of the whole field with respect to any of the
eigen-variables only changes the eigen variables itself. Using the fact that we know the Lie algebra
structure of the corresponding vector fields we find that the derivatives with respect to the action-
eigen-variables yield functions in the angle-eigen-variabels and the derivatives with respect to the
angle-eigen-variables yield functions in the action eigen-variabels which, in particular are invariants
of the dynamics. Transferring this intuitive definition to the vector field Lie algebra we see that the
vector fields split into those coming from the particle Lie algebra and those which are not effected
by these. Hence transferring this intuitive picture of a particle to the vector field Lie algebra we
obtain:

Definition 6: Consider a submanifold invariant against the flow under consideration and let
L be the Lie algebra of all vector fields on that subamnifold.

i) A free particle Lie algebra Lp which is a direct summand in L i.e.

L = Lp ⊕ L⊥p
is said to be an interacting particle Lie algebra. When �k = (k1, . . . , kn) are the action fields of
that Lie algbra then the quantity given by (2.10) is said to be the energy of Lp and is denoted
by E(Lp).

ii) The Lie algebra L is said to be a multi-particle Lie algebra if it is the direct sum of free particle
Lie algebras Lpi

L =
⊕

i=1..N
Lpi

such that the total energy of the system

E =
j=N∑
j=1

E(Lpi
)



is given by the sum of the free particle energies.

iii) Whenever the action-angle fields {Mj , Tj | j = 1 . . . n} in Lpi
are given as in (2.11) then

uti := T�ki
:=

n∑
j=1

kjTj (2.14)

is called the eigentime derivative of u with respect to the i-th particle Lpi
. The quantity Ui

defined by
∂Ui

∂t
:= uti

is called an interacton (abbreviation for interacting soliton).

Obviously the eigen-variables of a particle, as defined heuristically, give rise to a direct summand
on the smallest invariant submanifold generated by all possible changes of these eigen-variables. On
the other hand, one can construct the eigenvariables once the direct summand Lp is given. To see
this, we first fix the potentials {k1, ..kn} of the hamiltonian action fields in Lp. We further claim
that for the angle fields in Lp there are integrating factors, only depending on the ki, which make
these hamiltonian. Thus the corresponding potentials are providing the remaining eigen-variables.
To find these factors, for a fixed u in the submanifold one takes the 2n-dimensional sub-submanifold
spread by the vector fields in Lp. This is a symplectic manifold with respect to the given symplectic
form, and by the {k1, ..kn} on that 2n-dimensional manifold we have n scalar quantities which are
in involution. Hence, by the classical results on integrable systems, for the remaining vector fields
given by the angle fields of Lp, there are integrating factors, depending on the {k1, ..kn}.
Observation 7: Since the eigentime derivatives are symmetry group generators their dynamics is
given by the linearization of (2.1), i.e.

(uti
)t = G′(u) [uti

] (2.15)

where G′(u)[A] denotes the variational derivative of G at u in the direction of the vector field A.
For a multi-particle solution u we furthermore have that

ut =
N∑

i=1

uti
(2.16)

the time derivative of the field variable u is the sum of eigentime derivatives. This is an immediate
consequence of (2.13). In terms of the interactons the dynamic is given by

(Ui)tt = G′(u) [(Ui)t] (2.17)

and the multi-particle decomposes (if suitable constants of integration are chosen)

u =
N∑

i=1

Ui . (2.18)

Definition 8: In case we are able to express the dynamics (2.17) only in terms of the interacton,
i.e. when everything can be expressed in terms of self-interaction, then the resulting equation is
called the interacton equation.



2.3 Asymptotic free particles

We consider the case when the flow
ut = G(u) (2.1)

is a flow on a suitable manifold of C∞-functions in the independent variable x ∈ RI n. The functions
are assumed to vanish with all their derivatives at x = ∞. For simplicity, we consider the case when
x ∈ RI 1 since not much changes for the general case of several dimensions (apart from having fewer
relevant examples). Consider those solutions which asymptotically decompose

u(x, t) �
N∑

i=1

si(x+ kit+ qi) for t→∞ (2.19)

in such a way that all the energy is carried by the asymptotically free waves si(x+ kit+ qi) which
also must be solutions of (2.1) (this is seen from the assumption that the solutions of (2.1) have to
vanish at∞). The ki, qi we call asymptotic data, more specifically the ki asymptotic speeds and the qi
asymptotic phases. In order to analyse this kind of solution we perform the same gedankenexperiment
is in section 1 and reparametrize the manifold of all such solutions by the asymptotic data. In order
to find a new parametrization on that manifold connected to the dynamical system (2.1), we consider
an arbitrary point u as initial condition u(0) := u for the dynamical system (2.1) and then measure
its asymptotic data. Then because of

ki(u(t)) = ki(u(0))

qi(u(t)) = qi(u(0)) + kit

we obtain the dynamic as in (2.8). Using this form of the dynamic one easily sees that the derivatives
with respect to the asymptotic data are for this case the action-angle fields, and the special solutions
having the prescribed asymptotic decomposition, are multi-particles in the sense of definition 6. The
asymptotic waves in (2.19) are just the asymptotic states of the interactons.

3 Interacton equations

The aim of this section is to show that most integrable systems or soliton equations admit interactons
and yield corresponding interacton equations by symmetry analysis. The idea how to obtain for the
interactons the dynamical laws where only self-interaction occurs is quite simple. Consider the
manifold of all multi-particles of

ut = G(u) . (2.1)

Then the flow on this manifold has two hamiltonian formulations (as we have seen in observation
4). By combination of these two hamiltionian formulations one obtains a co-contravariant tensor
which is invariant with respect to the flow under consideration (see [12]). The action-angle fields are
eigenvectors for this operator, which are either invariant (action fields) or having an invariant time
derivative (angle fields).

With respect to the special parametrization this tensor (considered as a mapping from tanget
space to tangent space) looks like

Ψ =
(

Λ 0
0 Λ

)
where

Λ =

⎛
⎜⎜⎝

k1 0 .. 0
0 k2 .. 0
: : : :
0 .. 0 kr

⎞
⎟⎟⎠



Its special properties of an invariant diagonal matrix can be described in a more structural way by
the observation that it can only depend on the action variables (because it is invariant) and by the
property that its variational derivative fulfills

ΨΨ′[B] = Ψ′[ΨB] .

for any vector field B. However, since we use here the variational derivative (which is not given by
a differential geometric invariant operation) this is not a differential geometric invariant characteri-
zation. However, a differential geometric invariant characterization is obtained by reformulating all
derivatives in terms of Lie derivatives (see [12]). Doing this results in

ΨLK(Ψ) = LΨK(Ψ) (3.1)

for all vector fields K. An operator with such a property is said to be a hereditary operator (see
[7], [14], [6]). These operators have very strong properties with respect of the group ananlysis of the
underlying flows:

Theorem 9:Let Φ be some hereditary operator which is invariant with repect to the vector field
G, i.e. for the Lie derivative LG with respect to G we have

LGΦ = 0 .

Then the vector fields
G,ΦG,Φ2G,Φ3G, ...

are forming the basis of an abelian Lie algebra, i.e. a family of commuting vector fields.
The problem however is that obviously for multi-particle systems we only know such operators

on special manifolds, namely those given by the multi-particle solutions. Nevertheless, it seems
worthwile to look for extensions of such operators on the manifold of all solutions for (2.1). Indeed,
in most 1+1-dimensional cases such operators have been found, for example

ΦKdV = D2 + 2DuD−1 + 2u (3.2)

for the KdV (see [21] for its first appearance). So, in case an invariant hereditary operator is given
for (2.1) the dynamical laws for the eigenvectors are good candidates for interactons and those
solutions which decompose exactly into eigenvectors are candidates for multi-particles. Indeed, one
easily sees that these yield multi-particles because under vanishing boundary conditions at ∞ these
solutions decompose asymptotically like (2.19) for which case we have already seen the multi-particle
structure.

3.1 Interactons for KdV and the like

In order to get some idea for deriving a method for obtaining interacton equations in the absence
of hereditary operators we briefly point out how to find these equations in case of the presence of a
hereditary operator in 1+1-dimension(see [10] or [11]).

Let Φ(u) be a hereditary recursion operator for (2.1), i.e. apart from being hereditary, Φ(u) must
be invariant under the flow. Furthermore we assume that (2.1) is translation invariant and of the
form

ut = Φ(u)ux . (3.3)

Then for any asymptotically emerging travelling wave

sk := s(x+ kt+ q)



it holds
(sk)t = Φ(sk) skx = kskx (3.4)

hence asymptotically skx is an eigenvector of Φ. Observe that the eigenvectors of Φ

Φ(u)σk = kσk (3.5)

have the same dynamics as the generators of one-parameter symmetry groups (see [7], [8]):

σt = G′(u)[σ] :=
∂

∂ε |ε=0
G(u+ εσ) . (3.6)

From here follows that any multi-particle solution which consists of asymptotically free particles
must be of the form

ux =
n∑

j=1

σkj (3.7)

because this relation, which holds for t→∞, defines an invariant manifold. Now put

(Sj)x := σkj .

Then, under appropriate boundary conditions at infinity, we obtain for multi-particles

u =
n∑

j=1

Skj (3.8)

By use of the considerations of the last section we see that in this case the eigentime derivative of
the j-th particle is

(Uj)t := utj
:= kj

∂Sj

∂qj

where qj is the asymptotic phase. Hence the particles can be obtained by taking derivatives with
respect to asymptotic data. Since asymptotically for the symmetry generators (Uj)t and (Sj)x we
have (Uj)t = kj(Sj)x, which again defines an invariant submanifold, we obtain independently of any
asymptotics

(Uj)t = kj(Sj)x = kjσkj
, (3.9)

which defines the interacting particle in terms of the eigenvector of the recursion operator.
The problem remains how the dynamics can be uncoupled such that only self-interaction is

present. In order to do that we consider (3.5) as a Lie-Bäcklund-transformation between u and
σ. This transformation usually is unique modulo an additional symmetry (given by rescaling the
amplitude of the eigenvector). For suitable boundary conditions we solve this relation for u when
σ is given and obtain u = F (σ) = F (Sx), Sx := σ. We insert this in (3.6) in order to obtain the
interacton equation. The resulting equation is again integrable because, modulo uniqueness up to a
symmetry for the given system, it is related to the original integrable equation by a transformation
between dependent variables, hence we have to do with a manifold transformation which does not
destroy integrability. Indeed by this manifold transformation all the invariants can be carried over
from the original equation to the corresponding interacton equation (see [10]).

Example 10: For the mKdV (modified Korteweg de Vries equation)

ut = uxxx + 6uxu
2 =: G(u)

the eigenvector equation given by the recursion operator is

kjSx = Sxxx + 4DuD−1uSx .



This procedure yields
uxu

−3(Sxx − kjS)− u−2(Sxxx − kjSx) = 4Sx .

Solving the homogeneous equation and applying the method of variation of constants gives

u =
kjS − Sxx

2(
√
kjS2 − S2

x + C)

where C = 0 because of the boundary condition at infinity. Inserting this into

Sxt = G(u)′[Sx]

we obtain the interacting soliton equation for this case

St = Sxxx +
3(kjS − Sxx)2

2(kjS2 − S2
x)
Sx.

Inserting here (U)t = k(S)x we find the associated interacton equation. �

Example 11: By the same procedure we obtain for the sine-Gordon equation

Sxt =
S

2
cos

(∫ x

−∞

kjS(ξ)− Sξξ(ξ)
2
√
kjS(ξ)2 − Sξ(ξ)2

dξ

)

and the Korteweg de Vries:

S2St = S2Sxxx − 3SSxSxx +
3
2
S3

x +
3
2
kjS

2Sx

In both cases the interacton equation is obtained by the substitution (U)t = k(S)x.

In case of the nonlinear Schrödinger equation we get

|ψ|2ψt = −iψxx | ψ |2 + iψ | mψ +
i

2
ψx |2 − i(mψ + iψx)2ψ.

Where ψ is connected to the interacton U by

(U)tx = k(ψ) .

See [10] for the details of the computation. Indeed, in all these cases the complete action-angle repre-
sentation can be carried out in terms of the spectrum of the recursion operator, see [15] and [22]. �

3.2 Interactons in the absence of hereditary operators

In many cases the eigenvector problem for the recursion operator is equivalent to a nonlinear eigen-
vector problem given by the auto-Bäcklund transformation (ABT) of the system ([9], [13]). We
briefly review this:
Consider for

ut = G(u) (2.1)

an auto-Bäcklund transformation
B(u, ū, λ) = 0 . (3.10)

Hence, for any value of λ, we have that when u is a solution of (2.1) then ū also has to be a solution.
We consider the following nonlinear spectral problem:



Given a solution u of (2.1), consider the partial variational derivative Bu(u, ū, λ) of B(u, ū, λ) (with
respect to u) and find those λ such that there is some non-zero vector field ω and some ū on the
manifold under consideration such that

Bu(u, ū, λ)[ω] = 0 and B(u, ū, λ) = 0 . (3.11)

That means we try to find those values of λ where the implicit function theorem is not valid. Then
in most cases where a recursion operator exists, this nonlinear spectral problem is equivalent to the
linear one given by the recursion operator. In these cases the nonlinear problem is easily linearized
in a purely algorithmic way.

Example 12: For the KdV there is the well known auto-Bäcklund transformation

B(u, ū, λ) = u+ ū+ λD−1(u− ū) +
1
2
{D−1(u− ū)}2 = 0 . (3.12)

Variational derivative of (3.12) with respect to u provides the operator:

Bu = I + (D−1(u− ū))D−1 + λD−1 . (3.13)

And the corresponding nonlinear spectral problem (3.11) is

0 = ω + (D−1(u− ū))D−1ω + λD−1ω . (3.14)

This only is formally linear since ū and ω are not independent. Abbreviation D−1ω = v allows to
write

D−1(u− ū) = −(
vx

v
+ λ) . (3.15)

Writing u+ ū as 2u− (u− ū) and replacing all terms u− ū in (3.12) by (3.15) we obtain

2u+ (
vx

v
+ λ)x +

1
2
(
vx

v
+ λ)2 − λ(

vx

v
+ λ) = 0 (3.16)

which certainly is a nonlinear eigenvalue equation. By multiplication with v2 we get

2uv2 + vxxv − 1
2
vxvx =

1
2
λ2v2 . (3.17)

If this problem can be linearized there must be operators A(v) and Ψ(u) such that A(v)v = Cv2

and A(v)Ψ(u)v is equal to the left hand side of (3.17). Comparison of suitable terms yields in an
algorithmic way:

D−1vD{vxx + 2uv + 2D−1(uvx)} = λ2D−1vDv . (3.18)

Hence A(v) = D−1vD and Ψ(u) = D2 + 2u + 2D−1uD . Going back to ω = vx we see that ω is a
solution of (3.14) if and only if ω is an eigenvector of

Φ(u) = DΨ(u)D−1 = D2 + 2u+ 2DuD−1,

the recursion operator of the KdV.�

So in principle the results which can be obtained from the recursion operator can be derived from
the auto-Bäcklund transformation. However this approach is more general because there are cases
of integrable systems where recursion operators do not exist whereas auto-Bäcklund transformations
are easily found. Therefore, also for these equations with only an ABT, the interacton equation is
hidden in that relation. However, we have to modify our approach slightly. For simplicity we do
this for the 1+1-dimensional case. We consider an equation

ut = G(u) (2.1)



such that there is an ABT
B(u, ū, λ) = 0. (3.19)

For a given solution u with emerging soliton si(x+ kt+ q), having, at t → ∞, asymptotic speed k
and phase q we consider the spectral parameter λ0 = λ(k) such that in the solution ū this soliton is
annihilated by the ABT. These asymptotic data we consider als action-angles of our particle. Now,
taking the gradient of (3.19), for λ = λ0 with respect to q, we obtain

∇qB(u, ū, λ0) = Bu(u, ū, λ0)[∇qu] = 0 . (3.20)

Or, after defining the time derivative of the interacton as before

Ut = k
∂u

∂q
(3.21)

we get
∇qB(u, ū, λ0) = Bu(u, ū, λ0)[Ut] = 0 . (3.22)

Now we use this equation together with (3.19) in order to express u and ū in terms of Ut or U .
These representations we use to replace u in the dynamic

Utt = G(u)′[Ut] (3.23)

to obtain the interacton equation only in terms of self-interaction. This equation is integrable and
many of its solutions can be obtained by differentiation of solutions of the original equation with
respect to the asymptotic phases.

3.2.1 The interacton for the BO

Consider the Benjamin-Ono equation ([4] and [23])

ut = Huxx + 2uux . (3.24)

where H denotes the Hilbert transform

(Hf)(x) =
1
π

∫ −∞

+∞

f(ξ)dξ
ξ − x (principal value integration) .

We want to derive the interacton equation (see [17] for more details) for this case where no recursion
operator exists.

As usual we define H1 = 0. Equation (3.24) has ([1, p.204])

sk(t, x) =
ik

k(x− x0) + k2t+ i
− ik

k(x− x0) + k2t− i (3.25)

as one-soliton solutions, i.e. solutions of kux = Huxx + 2uux. A typical two soliton looks like



Fig. 1: A two soliton for the BO2

For the BO we have the well known ABT [20], [9]

exp(iD−1(u− ū))− 1− 1
k
{iH(u− ū) + (u+ ū)} = 0 (3.26)

which annihilates those solitons in u with asymptotic speed k. Equation (3.20) now has the form

is exp(iD−1(u− ū))− 1
k

(iHsx + sx) = 0 . (3.27)

Introducing projection operators

P± :=
1
2
(I ± iH)

we write (3.26) and (3.27) as

exp(iD−1(u− ū))− 1 +
2
k
P−(u− ū)− 2

k
u = 0 (3.28)

and

D−1(u− ū) = −i ln
(
− 2i
ks
P+sx

)
. (3.29)

Inserting this last result into (3.28) we get

− 2i
ks
P+(sx)− 1− 2i

k
P−

(
ln
(

2
iks

P+sx

))
x

=
2u
k
. (3.30)

2Here the line in front is parallel to the x-axis, the chosen asymptotic speeds are k1 := 0.7 and k1 := 0.25 and the
t-slices have been scaled by 3/2.



Observe that the decomposition given by the projection P± is the usual decomposition into functions
being analytic in the upper and lower half of the complex plane, respectively. Hence terms like

P−

(
P+sxx

P+sx

)
= 0

vanish. Using this we rewrite (3.30) as

u = −k
2
− i

s
P+(sx) + iP−

(sx

s

)
. (3.31)

The dynamics (3.23) in case of the BO is

sxt = K(u)′[sx] = Hsxxx + 2sxux + 2usxx

or
st = Hsxx + 2usx. (3.32)

Eliminating u by use of (3.31) we find for the equation

st = Hsxx − ksx + 2isxP−s−1sx − 2is−1sxP+sx

= Hsxx − ksx + sxH(s−1sx) + s−1sxH(sx) (3.33)

As before, the interacton equation is obtained by introducing

Ut = ksx . (3.34)

This equation is integrable, its invariants can easily be obtained from those of the BO by using
(3.31) as a manifold transformation where the invariants of the BO are easily computed by the usual
mastersymmetry approach [5]:
To be concrete, replacing in any conserved scalar field of the BO the variable u by (3.31) leads to a
conserved quantity for (3.33). Replacing in a symmetry generator of the BO the quantity u, then
mapping the result by the inverse of the variational derivative of the right hand side of (3.30) yields
the symmetry generators for (3.33). For finding the corresponding angle-variables see [17].

Solutions are easily found for equation (3.33): Since Fig. 1 represents a two soliton for the BO
with asymptotic speeds k1 := 0.7 and k1 := 0.25 the corresponding derivatives with respect to the
phases lead, after one integration, to the interacting solitons for the equations with these k-values.
Plots show the expected asymptotic behaviour, and the effects due to the nonlinearity:



Fig. 2: The slower interacton for the BO, k1 := 0.25

Fig. 3: The faster interacton for the BO, k1 := 0.6



It should be observed that the foregoing considerations do not depend of the dimension of the
space of independent variables. Therefore similar arguments can be carried out in order to give the
interacton equations for integrable systems in 2+1 dimensions like the KP (see [16]).

3.3 Self-consistent potentials

Nonlinear Schrödinger equations often (see [24]) play a role in the search of valid descriptions of
interacting particles. Take for example Yukawas model for nucleon meson interaction, or, on another
level, the nonlinear phenomena in nuclear models (see [18] [19]). Therefore we put special emphasis
in this section on the investigation of self-consistent potentials for interactons.

For a field ψ we consider the Schrödinger equation where we assume that the potential energy
is of higher than second order in ψ. This obviously results in a nonlinear Schrödinger equation.
Furthermore, we assume that asymptotically the field decomposes in N different particles ϕ1, . . . , ϕN

which carry all the energy of the field, i.e. that the solution is a multi-particle in the sense of section
2.3. The joint wave function is

ψ =
N∑

l=1

ϕl (3.35)

where ϕl denotes the field function of the interacton. The energy of the N-particle system shall be

E(ψ) = Ekin(ψ) + Epot(ψ) =
h̄

2m
〈∇ψ,∇ψ〉+

∫
RI 3

V (ψ, ψ̄)dx. (3.36)

We assume that the potential energy V (ψ, ψ̄) is gauge invariant, were a quantity F(ψ) is said to
be gauge invariant if ψ can be multiplied with any number of modulus 1 (and ψ̄ with its complex
conjugate) without changing the value of F .

We measure time in units of h̄ and we scale physical units and space variables such that h̄ = 2m.
Hence the usual Schrödinger equation has the form

i
∂

∂t
Φ = −ΔΦ + UΦ, (3.37)

with potential energy U . We want to know if the dynamics of a single particle, i.e. the dynamic
for some ϕl can be written as Schrödinger equation with respect to a joint potential (self-consistent
potential). A positive answer to this problem is not at all evident since the dynamics of the ϕl is
fixed by definition of energy. To see this observe that the dynamics for ψ is

∂

∂t
ψ = −i gradE(ψ) (3.38)

where the gradient has to be taken with respect to ψ and ψ̄. Here we used the fact that for
Schrödinger theorie the symplectic form appearing in the hamiltonian formulation is given by mul-
tiplication with i. To be precise, we look for a potential such that the dynamics of the ϕl can be
written as

i
∂

∂t
(iϕl) = −Δ(iϕl) + U(iϕl) . (3.39)

At this point taking instead of ϕl the infinitesimal generator iϕl of its gauge group seems completely
irrelevant, but later on we see its importance.

Now observe that as a consequence of the conservation laws

〈ϕl, ϕl〉 = 1

the generator iϕl of the gauge group of each particle must be a symmetry generator of the dynamics
of the joint field ψ. Hence the dynamics for iϕl is given by the linearization of (3.38):

∂

∂t
(iϕl) = −i E ′′ iϕl (3.40)



where E ′′ denotes the sesquilinear form given by the second variational derivative

E ′′[φa, φb] :=
∂

∂λ2

∂

∂λ1
E(φ+ λ1φa + λ2φb)|λ1=λ2=0 . (3.41)

To determine the self-consistent potential energy operator we observe that we know the expectation
of U

Epot(ψ) = 〈�ϕ, U �ϕ〉
where �ϕ = (ϕ1, ϕ2, . . . , ϕN ). In the linear case operator representations for observables E are recov-
ered from their expectation E(φ). For example if it is known as a function for general wave functions
φ, then we find

2
〈
φb, E φa

〉
= E ′′[iφa, iφb]− iE ′′[iφa, φb] (3.42)

where again E ′′ is the second variational derivative. This formula was obtained only for the situ-
ation where the operator representation for the observable does not depend on the vector φ which
represents the state of the system (linear case), however we consider it for the general case, even
when scalar quantities are not bilinear in the field function.

Definition 13: Given a gauge invariant scalar quantity F(φ), with F = 0 when φ = 0, and
given two vectors φa, φb then the application to φa, φb of the self-consistent operator F assigned to
F(φ) is defined to be

〈
φb, F φa

〉
:=

1
2
{F(φ)′′[iφa, iφb]− iF(φ)′′[iφa, φb]} (3.43)

Observe that F = F (φ) may depend on φ, therefore its expectation is defined to be

expct(F ) := 2
∫ 1

0

λ
〈
φ, F (λφ)φ

〉
dλ

Of course this definition only makes sense if expct(F ) = F(φ). To see this we observe that gauge
invariance implies for the variational derivative in direction of iφ that F ′(φ)[iφ] = 0. Second deriva-
tives in direction of φ and iφ then yield

F ′′(φ)[φ, iφ] = 0 (3.44)
F ′′(φ)[iφ, iφ] = F ′(φ)[φ] (3.45)

By (3.44) and (3.43) we obtain

2
∫ 1

0

λ
〈
φ, F (λφ)φ

〉
=

∫ 1

0

λF(λφ)′′[iφ, iφ]dλ

=
∫ 1

0

F(λφ)′[φ]dλ

= F(φ)

In this computation the second-last line followed from (3.45) and the last line from the fact that in
the second-last line the integrand was a complete derivative with respect to λ.

Observation 14: If U is taken to be the self-consistent operator of the potential energy then equa-
tions (3.39) and (3.40) coincide. Hence the dynamics of the interacton in a nonlinear Schrödinger
field is given by the Schrödinger equation with self-consistent potential. Since the linearization
equation (3.40) represents a flow on the tangent bundle, the self-consistent potential is a two times
covariant tensor, therefore a quantity defined in a differential geometric invariant way.



Observe that the self-consistent operator coming from a scalar quantity is by definition an oper-
ator which acts on tangent vectors, therefore it made sense to consider the asymptotic Schrödinger
equation (3.39) as an equation acting on the generator of the gauge group instead of the wave func-
tion itself. That this also leads to different computational results will be seen from the following
example.

We compute the self-consistent potential U for the potential energy

Epot(ψ) = −1
2

∫
RI 3
|ψ|4dx.

We obtain 〈
φb, Uφa

〉
= −〈φb, ψ

2φ̄a + 2|ψ|2φa

〉
which indeed has the prescribed expectation

expct(U) = −1
2

∫
RI 3
|ψ|4dx.

Observe that U : φa → ψ2φ̄a + 2|ψ|2φa has an antilinear part, therefore it makes a difference
wether this operator is applied to the generator of the gauge group instead to the wave function
itself. Observe that by the same computation the self-consistent operator assigned to the energy is
−Δ + U .

Writing down equation (3.39) for the single particle we obtain

i
∂

∂t
(iϕl) = −Δ(iϕl)−

(
ψ2 (iϕl) + 2|ψ|2(iϕl)

)
. (3.46)

This yields for the wave functions

i
∂

∂t
ϕl = −Δϕl + ψ2ϕ̄l − 2|ψ|2ϕl.

Going over to the joint wave we obtain by summation

i
∂

∂t
ψ = −Δψ − |ψ|2ψ, (3.47)

which is the the well known nonlinear Schrödinger equation (NLS), which is completely integrable
in (1+1) dimension and for which the interacton equation was given in Example 3.3.

Thus for one space dimension the N -particle state is a special multisoliton solution of the inte-
grable cubic Schrödinger equation. Furthermore, one should observe that in case of a single particle
and due to the fact that the Schrödinger operator defines an isospectral formulation for the Ko-
rteweg de Vries equation (KdV) u = |ψ|2 must be a single soliton of the KdV. Hence in case of a
single particle the linear part of the self-consistent potential must be a Bargmann potential, i.e. a
reflectionless potential (see [3], [25]).
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