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lt is shown that compatible symplectic structures Iead in a natural way to hereditary symmetries. (We recall that a 
hereditary symmetry is an operator-valued function which immediately yields a hierarchy of evolution equations, each 
having infinitely many commuting symmetries all generated by this hereditary symmetry. Furthermore this hereditary 
symmetry usually describes completely the soliton structure and the conservation laws of these equations). This result 
then provide us with a method for constructing hereditary symmetries and hence exactly solvable evolution equations. 

In addition we show how symplectic structures transform under Bäcktund transformations. This Ieads to a method for 
generating a whole class of symplectic structures from a given one. 

Several examples and applications are given illustrating the above results. Also the connection of our results with those 
of Gelfand and Dikii, and of Magri is briefty pointed out. 

1. Introduction and basic notions 

It is weil known that certain evolution equa
tions, like the Korteweg-de V ries equation, 
possess various surprising features such as 
infinitely many symmetries and conserved 
quantities, N -soliton solutions, Bäcklund trans
formations, etc. Recently there has also been 
progress in understanding the Hamiltonian 
[12, 3, 20] and bi-Hamiltonian [18] structure of 
these, so called, exactly solvable evolution 
equations. An evolution equation is said to be a 
Hamiltonian system if it can be written in the 
form u, = 8(u)f(u), where 8(u) is an implectic 
operator (i.e. roughly speaking 8-1(u) is sym
plectic) and where f(u), is a gradient function 
(i.e. f(u) is the gradient of a suitable potential). 
An equation is a bi-Hamiltonian system if u, = 

8,(u)f,(u) = 82(u)f2(u). 
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In this paper we study evolution equations in 
the form 

u, = K(u), u E M, (1) 

where u is in some manifold M, and K is a 
suitable C"" vector field. Clearly vector 
equations as weil as integral equations, such as 
the Benjamin-Ono equation [3,21], are 
included in (1). 

Basic role in our approach is played by an 
operator <P(u) which maps symmetries§ of (1) 
onto symmetries of (1). Such an operator is 
called a strong symmetry of (1) [10] (or a recur
sion operator [19]) and has the following 
remarkable properties: i) its eigenfunctions are 
also symmetries, which actually characterize the 
N -soliton solutions [10]; ii) its transpose <I>*(~) 
maps gradients of conserved quantities of (l) 
onto gradients of conserved quantities of (1); iii) 

§Throughout this paper by symmetries we really mean 
infinitesimal generators of symmetries [6]. 



48 B. Fuchssteiner and A. S. Fokas/ Symplectic structures 

the eigenfunctions of its transpose <l>*(u) arealso 
gradients of conserved quantities. (In the case 
of the KdV, <I>* is the squared-eigenfunction 
operator [1]. This is because the squares of the 
eigenfunctions of the Schrödinger operator are 
the gradients of the eigenvalues of the 
Schrödinger operator [11], i.e. there are 
gradients of conserved quantities.) 

For the exact solvability of an equation it is 
crucial that its infinitely many symmetries 
commute (or equivalently, that its conserved 
quantities are in involution). This is the case if the 
operator <I>( u) has a certain property called the 
hereditary property (its mathematical definition 
is given in section 3). An operator with this 
property was called by Fuchssteiner a heredi
tary symmetry [10]. It also follows from the 
definitions of strong and hereditary symmetries 
that, ij an operator is hereditary then it is im
mediately a strong symmetry jor any oj the 
equations Ur= <l>(u)"ux, n = 1, 2, 3, .... 

From the last statement in follows that it is 
very desirable to have methods for constructing 
hereditary symmetries, since these hereditary 
symmetries immediately yield hierarchies of 
evolution equations each possessing infinitely 
many commuting symmetries. One such method 
was given in [7], where it is shown that Bäck
lund transformations yield transformations be
tween hereditary symmetries, thus they 
generate a class of hereditary symmetries from 
a given one. 

In this paper we show that 
a) If 6h 62 are implectic operators which are 

compatible (i.e. 61 + 62 is also implectic) then the 
operator <I>= 626!1 is hereditary. 

b) lf B(u, s) = 0 is a Bäcklund transformation 
and 6(u) is an implectic operator then O(s) = 
T6(u)T*, T * B;'Bu is also implectic. 

By using various Miura type Bäcklund trans
formations and the above results we have con
structed many new hereditary symmetries and 
hence many new exactly solvable evolution 
equations. Some of them are given here, others 
will apear in future publications. 

Some of the results presented here have been 
announced in [8]. 

This paper is organized as follows: We first 
introduce some notation and the basic notions 
used throughout our paper (see below), and then 
in section 2 we review symplectic and implectic 
structures as weil as the bi-Hamiltonian for
mulation of evolution equations [18]. Sections 3 
and 5 contain the main results of this paper 
(see (a) and (b) above). Several examples and 
applications are given in section 6. Because our 
notation and basic notions are not weiJ known, 
we have included section 4 where we motivate 
and illustrate all notions used in this paper. We 
hope that this section will be particularly valu
able to the reader familiar with soliton theory, 
but unfamiliar with the notions used here, 
because it will help him to establish a cor
respondence with more familiar notions. 

Notation 

W e asstime that the typical fibre of the 
tangent bundle of M is the real-linear space S 
and Iet S* be its dual space. For a E S* and 
u ES, (a, u) denotes the application of the 
linear functional given by a to u. The transpose 
of an operator T: S ~ S with respect to this 
duality is denoted by T*. Often we consider 
functions cf> on S attaining values either in S* 
or in the space of operators S* ~ S (or S ~ S). 
We only deal with differentiable functions, i.e. 
the directional derivative in S, 

cf>'(u)[v]=! cf>(u+ev)l , 
ue (•0 

has to exist and the map cf>'(u)[·] is assumed to 
be linear. In addition we always assume that the 
chain rule holds (in a topological context that 
means that we deal with Hadamard derivatives). 
lf no confusion can arise we write cf> or cf> '[ ·] 
instead of cf>(u) and cf>'(u)[·]. 

An operator 6: S* ~ S is called symmetric if 
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(a, 6b) = (b, 6a) for all a, b ES*, and skew
symmetric if (a, 6b) = -(b, 6a) always holds. 
For operators J: S ~ S* these notions are 
defined analogously. A function cJ>: S ~ S* is 
said to be a gradient function if it has a poten
tial, i.e. a map p: S ~ R such that 

(cp(u),v) = p'(u)[v], for all u, v ES. 

A necessary and sufficient condition for the 
existence of a potential is that cJ> '( v) is always 
symmetric. Then a potential p is given by 

I 

p(v) = J (c/>(Av), v) dA. (2) 

0 

Basic notions 

This paper is concerned with evolution equa
tions (1). An important role with respect to 
symmetries is then played by the derivative 
K'::;: K'(u)[·] and its transposed K'*. 

Definition I. 
(i) A function u: M ~ S is called a symmetry of 
( 1) if we have always 

u'[K]- K'[u] = 0. 

(ii) y: M ~ S* is said to be a conserved 
covariant of (1) if we have always 

y'[K] + K'*[ y] = 0. 

The reason for this name is that if y also 
satisfies y' = ( y')*, then y is the gradient of a 
conserved quantity (see section 4). 
(iii) A functio!l ~ from M into the space of 
operators S ~ S is called a strong symmetry of 
( l) if we have always 

~'(K]- (K', ~] = 0. 

, 
(iv) A function 6 from M into the space of 

operators S* ~ S is said tobe a Noether opera
tor for (1) if we have always 

6'[K]- 8K'*- K'8 = 0. 

(v) A function J from M into the space of 
operators S ~ S* is called an inverse Noether 
operator if we have always: 

J'[K] +JK' + K'*J = 0. 

Note that all the functions considered above are 
functions of the variable u E M, and by 'always' 
we mean that the relations above hold identic
ally in this variable. 

Remark 1. 
All the notions we have considered above are 

intimately connected with the evolution given 
by (1). To see this, take an arbitrary solution 
u(t) of (1), put K'(t) = K'(u(t)), K'*(t) = 
K'*(u(t)) and consider the corresponding per
turbation equation 

v, = K'(t)v, v(t) ES (3) 

and its adjoint 

w, = -K'*(t)w, w(t) ES*. (4) 

Then for u(t) = u(u(t)), y(t) = y(u(t)), etc., we 
have: 

(i) u(t) is a solution of (3), 
(ii) y(t) is a solution of (4), 

(iii) ~(t) maps solutions of (3) into solutions of 
(3), 
(iv) ~(t)* maps solutions of (4) into solutions of 
(4), 

(v) 8(t) maps solutions of (4) into solutions of 
(3), 
(vi) J(t) maps solutions of (3) into solutions of 
(4). 

Purthermore-in case that the initial value prob-
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lern for (3)-(4) is properly posed-the validity of 
(i) to (v) (for any solution u(t) of (1)) is 
equivalent to the properlies required in 
definition 1. 

This remark suggests that there are very 
many relations between these notions. Let us 
Iist the basic ones: 

Remark 2. 
(i) <l>u and 6-y are symmetries, Ju is a con

served covariant; 
(ii) 6J is a strong symmetry; 

(iii) <1>6 is a Noether operator and J<l> is an 
inverse Noether operator; 
(iv) taking the inverse (if it exists) goes from 
N oether operators to inverse N oether operators 
(and vice versa); 
(v) the set of strong symmetries is an algebra. 

All these statements can be checked by ele
mentary differential calculus. 

2. Symplectic-implectic operators, Hamiltonian 
systems and Magri's results 

An operator-valued function J(u): S ~ S*, 
u E M, which is skew-symmetric is said to be a 
symplectic Operator if the bracket defined On S3 

by 

[a, b, c D = [a, b, c D<u> * (J'(u)[a]b, c) (5a) 

satisfies the J acobi identity 

[a, b, cß+[b, c, aß+ [c, a, bß = 0 for all a, b, c E 

s. ~~ 

(The above means that the exterior derivative of 
the corresponding two-form vanishes, i.e. the 
two-form is closed.) 

If J has an inverse 6 = J-1 there is a cor
responding identity for 6. In that case the 

J acobi identity is fulfilled for the bracket { } 
defined on S*3 by 

{a, b, c} = {a, b, c }(u) = (b, 6'(u)[6(u)a]c). (6) 

However, the bracket { } makes also sense (and 
plays an important role) even for operators 6 
which are not invertible. 

Definition 2. 
An operator-valued function 6(u): S* ~ S, 

u E M, which is skew-symmetric is called im
plectic if the bracket defined by (6) satisfies the 
Jacobi identity, i.e., 

(b, 6'[6a]c) + (c, 6'[6b]a) + (a, 8'[6c]b) = 0, for 
all a, b, c.E S*. (7) 

Implectic is-by abuse of language-a short form 
for inverse symplectic; in the Iiterature there are 
also other names for this structure, c.f. [2] or 
[17]. We do not call 6 co-symplectic because 
this would imply that 6-1 exists; however, the 
existence of 6- 1 is not necessary here. 

It should be observed that every constant 
skew-symmetric operator is implectic. 
Obviously the inverse of symplectic operators 
(if they exist) are implectic. 

We shall now give a formula playing an im
portant roJe in the characterization of implectic 
operators: Let f be a function S ~ S* and Iet 
6(u): S* ~ S, u E M, be a skew-symmetric 
operator. Then if 

G(u) = 6(u)f(u) 

it follows that for all a, b E S* 

(b,(6'[G]- 6G'*- G'6)a) 
=(b, 6'[6/]a)+(/, 6'[6a]b) 

(8a) 

+ (a, 8'[6b]/)- (b, 6(/'- f'*)Oa). (Sb) 

The above formula is a consequence of the 
skew-symmetry of 6 and of the obvious iden-
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tities: 

G'[·] = B'[ ]f + 6/'[ ] . 
(b, BG'*[a]} =- (Bb, G'*[a]} =- (a, G'[Bb]). 

Proposition 1. Let the B(u), u E M, be skew
symmetric operators S*--+ S. Then the following 
are equivalent: 

(i) 8 is implectic; 
(ii) 8 is a Noether operator for every evolu

tion equation of the form 

u, = B(u)f(u), f gradient function; (9) 

(iii) for all gradient functions f and g we have 

(Bf)'[Bg]-(Bg)'[Bf] = B(f, Bg)'[·]. 

Proof. 
(i)~(ii): Put G(u) = B(u)f(u). Then since f is 

a gradient function we have f' = f'*. Hence the 
right side of (Sb) vanishes by virtue of (i). So, 
the left side must be equal to zero, and 8 is a 
N oether operator for the evolution equation 
u, = G(u). 

(ii)~(i): One has to keep in mind that con
stant functions are gradient functions. So, from 
(ii) it follows that the right side of (Sb) must 
vanish for arbitrary constant f. This implies (i). 

(i)~(iii): Performing the differentiations in 
(iii) for constant functions f,g one sees that (ii) 
is a special case of (iii). For nonconstant 
gradient functions f and g the contributions due 
to the f' and g' of the right and left side of (iii) 
cancel out. 

Let us Iist some corollaries of eq. (Sb) and of 
the above proposition. 

Remark 3. 
(i) (Gelfand and Dikii or Magri) lf f and g 

are gradients and 8 is implectic one usually 
defines a Poisson bracket by 

[/, gll = (/, Bg). 

Further in the set of functions u; S --+ S one 
considers the Lie-algebra commutator 

Then (iii) of prop. 1 says that the operation 
B(u) x gradient maps the Poisson bracket onto 
the commutator of the Lie algebra. This is weil 
known (cf. [13] or [lS]). 

(ii) (Noether's law). Usually the equivalence 
of (i)~(iii) of prop. 1 is used to show that B 
maps the gradients of conservation laws of the 
Hamiltonian system (9) onto symmetries of that 
system (cf. [lS]). 

But (i)~(ii) actually teils us more. Namely, that 
8 maps conserved covariants of (9) onto sym
metries ( whether the conserved covariants are 
gradients or not). 

(iii) Assurne that 8 is invertible or that 
B(u)S* is weak-star dense in S. Then if 8 is a 
Noether operator for the equation u, = B(u)f(u) 
and 8 is implectic, then f must be a gradient 
function. This follows directly from (Sb): 

(a, B(f'- f'*)Bb) = 0, for all a, b E S* . 

Hence, f' must be symmetric. 

Let us recall that a Hamiltonian system is an 
evolution equation of the form 

u, = B(u)f(u), u(t) E M, 

where 8 is implectic and f is a gradient function. 
We call a system bi-Hamiltonian if it can be 
written in two different ways as a Hamiltonian 
system, i.e. 

u, = K(u) (10a) 

where 

(lOb) 

with implectic Bh 62 and gradient functions fh !2-
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Now, using (iii), (iv) of remark 2 and prop. 1 
(ii) we immediately obtain, 

Magri' s construction of a strong symmetry: 
Consider the bi-Hamiltonian system (10) and 
assume that 61 is invertible. Then 

is a strong symmetry for u, = K(u). 

In bis beautiful paper [18] Magri has shown 
that many of the popular soliton equations are 
bi-Hamiltonian systems (in fact they are, more 
or less, N -Hamiltonian systems for arbitrary N 
in a sense to be explained later.) 

3. Hereditary symmetries admitting a symplec
tic-implectic factorization. 

First Iet us recall the notion of hereditary 
symmetry. An operator-valued function 
<l>(u): S--+ S, u E M, is called a hereditary sym
metry [10] if [<l>'(u), <l>(u)] is a symmetric bil
inear operator for all u E M. By this we mean 
that 

(v, w)-+<l>'[<l>v]w -<l><l>'[v]w 

is symmetric in v, w E S. The importance of 
these operators lies in the fact [10] that if a 
hereditary symmetry <I> is a strong symmetry for 

u, = K(u) 

then. it is also a strong symmetry for the equa
tion 

u, = <l>(u)K(u). 

Now, consider two implectic operators 81(u) 
and 62(u). We call them compatible if 61(u) + 
62(u) is again an implectic operator. A cri-

terion for compatibility is provided by con
sidering the following brackets which are mixed, 
that is involve both 6t and 62 

Ia, b, clt * (b, 61[62a]c}, 

Ia, b, cl2 = (b, 6H6.alc>. 

A simple calculation yields: 

Lemma 1 (see footnote 10 in [18]): 6t and 82 are 
compatible if and only if the bracket Ia, b, cl = 

Ia, b, clt + Ia, b, cl2 satisfies the Jacobi identity. 

An immediate consequence of the above is 

Remark 4. If 6., 62 are compatible, then 6t + a62 

are, for all a E R implectic. 

Theorem 1. Let 6., 62 be compatible implectic 
operators and assume that 62 is invertible. Then 
<I>= 6,621 is hereditary. 

Proof. By { }t and { h we denote the brackets 
with respect to 81 and 82, respectively. Consider 
arbitrary b E S* and a, c E S and Iet b = 

<l>tb, a = 821a, c = 821c. We have to prove that 

A = (b, [<I>', <l>](a, c))- (b, [<I>', <l>](c, a)) 

is equal to zero. So, Iet us calculate this quan
tity: 

A = (b, 61[6,821a]621c}- (b, 81[6.621c]621a) 

- (b, 6,62161[a]621c] + (b, 8t82181[c]821a) 

- (b, 8t82182[8t821a]821c) 
+ (b, 8t62162[6t821c]821a) 

+ (b, 6t8218t82182[a]621c} 
- (b, 6t6216t82 182[c]821a). 

The first line of this expression is equal to 

{ä, b, eh +{c, ä, bh. 

By the Jacobi identity and by the definition of 
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I lt this then equals. 

-{b, e, ä} = 16, ä, eh. (lla) 

The second line is equal to 

lii, e, 61t + le, 6, ält , (lib) 

and the third line equals 

(llc) 

Finally, for the fourth line we get 

{ii, <1>*6, eh- {e, <1>*6, äh. 

Again, by the J acobi identity and the definition 
of I l2 this is shown to be equal to 

(lld) 

Hence, we obtain 

A = 16, ä, el1 + lä, e, 6l1 + le, 6, äh 
+ 16, a, el2 + lii, e, 6l2 + le, 6, iil2. (lie) 

Then Iemma I implies A = 0. • 

Remark 5. 
(i) Actually the proof of the theorem shows 

a little bit more. If ( <l>*r 1 exists or, if Cl>* S* is 
(weak-star) dense in S* then by virtue of (lle) 
we can conclude that if Cl> is hercditary, then flt 
and 62 are compatible. Hence if Cl>* S* is always 
dense in S* then 6h 62 are compatible if and 
only if 6t621 is hereditary. 

(ii) If in addition to the assumptions of 
theorem I 61 is also invertible, then <I> and <1>-1 

are hereditary. 

The above theorem makes it desirable to find 
as many implectic operators as possible, in 
order to construct hereditary symmetries from 
the compatible pairs. A systematic method to 
construct new implectic operators is to use 

Bäcklund transformations (see section 5). 
Another method to find new implectic 
operators is given by: 

Theorem 2. Under the assumptions of theorem 1 
all the operators <l>n82, n = 1, 2, ... are implectic. 

Proof. To avoid the cumbersome computing of 
the derivatives involved we give a short proof 
for a restricted case, namely for the case that 
6t - A62 are invertible for all A in a neighbour
hood of zero. 

Since 61 - A62 are again implectic, the opera
tors (6t- A62)-

1 are symplectic. Since the sym
plectic operators form a vector space the nth 
derivative 

at A equal to zero must again be symplectic. But 
this nth derivative is equal to 61 1(62611)n. Hence, 
the inverse of that operator must be implectic. 
But this inverse is equal to 

4. Motivation and illustrations of the basic 
notions 

In this section we illustrate the notions of a 
gradient function, a symmetry, a conserved 
covariant, a strong symmetry, a N oether operator 
and an implectic operator by using the KdV as 
an example. 

We shall consider the KdV in the form 

u, = Uxxx + 6UUx • 

Then 

K(u) = Uxx:c + 6uux, K' = D 3 + 6uD + 6ux. 
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4.1 The gradient of a furictional 

Recall that the gradient of a functional I is 
defined by the equation 

I'[v] = (grad I, v), 

where I'[v) * ö/öei(u + ev)IE=o and (,) denotes 
the relevant scalar product. 

Example 1. 
Let 

00 

I = J (- ~i + u 3) dx. 

Then 

I'[v] = J (-UxVx + 3u2v) dx = J (Uxx + 3u2)v dx 

= ( Uu + 3 U 2, V) . 

Hence 

grad I = Uu + 3u2
• 

Note that in general if 

I = J p(u) dx, p(u) = p(x, u, Ux, .• . ) , 

then 

Example 2. 
Let 

I= J f(u)g(u) dx, 

where f, g are functions of x, u, Ux, •.•• Then 

I'[v] = (f'[v], g) + (f, g'[v]) 

= ((f')*[g], v) + ((g')*[f], v). 

Hence 

grad I= (f')*[g] + (g')*[f]. 

lt is weil known that y is a gradient function, 
i.e. there exists a potential I such that y = grad 
I, iff y' = ( y')*. 

Example 3. 
Let 

y = Uxx + 3u2
, 

then 

y' = D 2 + 6u = (y')*. 

Hence, y is a gradient function as expected 
since its potential is the functional I of example 
1. 

4.2 Symmetries 

For a motivation of the definition of sym
metries given here the reader is referred to (6]. 
It is obvious that the KdV is invariant under 
translation in x. To this invariance there cor
responds (see [6]) the symmetry u = Ux. Let us 
verify this: 

u = Ux, u'= D, 

then 

K'[u]- u'[K] = (D3 + 6uD + 6ux)Ux 
- D(Uux +6uux) = 0. 

The first few symmetries of the KdV are 

(invariance under X-translation), 
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u<2
> = U.xu + 6uux (invariance under t -translation), 

u<3
> = U.xuxx + IOUU.xu + 20UxUu + 30u 2Ux 

(nongeometrical). 

The equations 

u, = u<l), i =integer 

define the hierarchy of exactly solvable equa
tions associated with the KdV. 

4.3. Conserved covariants 

Let us show that if y, in addition to satisfying 
the equation 

y'[K] + (K')*[ -y] = 0, 

is a gradient function, then its potential is a 
conserved functional: 
For 
The functional I is a conserved functional for 
the equation u, = K iff 

dl 
dt = 0 ' 

or 

I'[u,] = {grad I, u,) = {grad I, K) = 0. 

Differentiating the last equation along the arbi
trary direction v and defining -y by 

y = grad I, 

we find 

{-y'[v], K) + {-y, K'[v]) = 0, 

or 

((y'[K] + (K')*[ -y ]), v) = 0, 

where we have used -y = ( -y')* since -y = grad I. 

The first few conserved covariants and the 
corresponding conserved tunetionals of the 
KdV are 

-y<l) = u, 

00 

00 

I u2 
I 0 > = -dx 2 ' 

I(3) = I (Uix + ~ 2 + 10 4) d 
2 2 

U Uxx 
4 

U X. 

Example 4. 
Verify that -y<2

> is a conserved covariant: (D2 + 
6u)(uu + 6uux) + (-D3

- 6Du + 6ux)(Uxx + 3u 2
) = 

0. 

4.4 Strong symmetries 

A strong symmetry of an equation is an 
operator which generates from a given sym
metry of the equation a new symmetry. The 
strong symmetry of the KdV is given by 

Let us verify that the equation 

<I>'[K]- [K', <I>]= 0 

is satisfied: 

<l>'[v] = 4v + 2vxD-1
• 

Therefore, 

<I>'[K]v = [4K + 2(DK)D- 1]v = 4(u.xu + 6uux)v 
+ 2(Uuxx + 6ui + 6uuxx)D- 1v, 

K'[<l>v] = (D3 + 6uD + 6ux)(vxx + 4uvx + 2uxD-1v) 
= Vxx.xu + IOUVxxx + 20UxVxx 

+ (18uxx + 24u 2)vx + (IOUxxx + 60uuu)V 
+ 2(U.xux + 6ui + 6uuu)D- 1v, 
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ci>K'[v] = (D2 +4u +2u.~D- 1)(v.ux +6uv.~ +6u.~v) 
= V.r.r.r.r.r + 10UV.ux + 20U.rV.r.r 

+ (18u.~.~ + 24u 2)v.~ + (6U.r.r.r + 36uu.~)v. 

Therefore 

ci>'[K]v = K'[<l>v]- <I>K'[v]. 

U sing the expressions for u<i) given earlier, it 
can be easily verified that 

u<i) = <f>u<i-1), i = 1, 2, 3. 

where B is some operator. We will now motivate 
the properties that B must have in order for the 
above equation to be in a Hamiltonian form. 
Recall that in classical mechanics the Poisson 
bracket is defined in such a way that if H is 
the Hamiltonian and I some other functional, 
then 

{I, H}= I,. 

In this case 

{1, H} =I,= I'[u,] = (grad I, u,) 
Similarly, = (grad I, B grad H). 

The use of the operator <I> is weil established in 
the literature, see for example [1]. 

4.5. Noether operators 

The expressions for u<i) and y(i) suggest that 

u=Dy, 

i.e. that B(l) = D is a Noether Operator of the 
KdV. Let us verify this: 

(B'[K]- B(K')*- K'B)v = 0 
- D(-vu.r- 6(uv).~ + 6u.~v) 

- (D3 + 6uD + 6u.~)v.~ = 0. 

Actually 

B<2
) = D 3 +4uD + 2u.~, 

is also a N oether operator of the KdV, since 

B(2) = 4> B(l) • 

4.6 Implectic operators 

Let us write the equation u, = K in the form 

u, = B grad H, 

Therefore, a natural Poisson bracket is defined 
by 

{I, H} * (grad I, 8 grad H). (12a) 

A Poisson bracket usually has two properties: It 
is skew symmetric and it satisfies the J acobi 
identity. The skew symmetry implies 

B* =- B. 

We shall show that the Jacobi identity implies 

(a, B'[Bb ]c) + (b,B'[Bc]a) +(c, B'[Ba]b) = 0, 

where a, b, c are gradient functions: 
For 
The J acobi identity 

{{A, B}, C} + {{B, C}, A} + {{C, A}, B} = 0, 

implies 

{(a, Bb), C} + {(b, Be), A} + {(c, Ba), B} = 0, (12b) 

where a, b and c are the gradients of A, B, C 
(and therefore a', b', c' are symmetric). In order 
to proceed we need to evaluate the gradient of 
say (a, Bb ). So Iet us consider 

I * (/, Bg); B* =- B. 
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Then 

I'[v] = (f'[v], 8g) + (/, 8'[v]g) + (/, 8g'[v]) 

= ((f')*[8g], v)- ((g')*[8f], v) +(f, 8'[v]g). 

But 8'[v]g is an operator depending on g and 
acting linearly on v, i.e. 

8'[v]g =? L(g)v. 

Hence 

grad((f, 8g)) = (f')*[8g]- (g')*[8f] + L*(g)f. 
(12c) 

Using (12c) and (12a) in (12b), we obtain after 
cancellations 

(L *(b )a, 8c) + (L *(c )b, 8a) + (L *(a)c, 8b} = 0, 

or 

(a, L(b )8c) + (b, L(c)8a) + (c, L(a)8b} = 0, 

or 

(a, 8'[8c]b) + (b, 8'[8a]c) + (c, 8'[8b ]a) = 0. 

Example 5. 
The KdV can be written in the form 

u, = D(u:u + 3u~. 

Hence since D is implectic (since it is skew
symmetric and also it trivially satisfies (7)) and 
Uu + 3u2 is a gradient function (the gradient of 
J<2~, the above form defines a Hamiltonian 
system. 

Example 6. 
The KdV can also be written in the form 

The function u is obviously a gradient function 

(the gradient of J<l)), Hence, the above equation 
defines another Hamiltonian system iff the 
operator 8<2> is implectic (i.e. if it satisfies (7)). 
It is in general cumbersome to check that an 
operator like 8<2> satisfies (7). However, using 
the results of this paper we usually can avoid 
the direct calculation (see the next section). 

5. Bäcklund transformations for implectic 
operators 

For Bäcklund transformations the reader is 
referred to [5] or [22]. To make this paper self 
contained, we recall the definition of a Bäcktund 
transformation. 

A function B(u, s) in the two arguments u E 

Mh s E M2 with values in a third vector space S3 is 
called admissible if the implicit function given by 
B(u, s) = 0 gives rise to a one-to-one map be
tween the corresponding tangent spaces, i.e. we 
require that for B = 0 the linear maps Bu and Bs 
from s. to S3 and Sz to S3 respectively are 
invertible. Here Bu and Bs denote the partial 
derivatives with respect to u and s. 

An admissible function B(u, s) (or rather the 
implicit function between u and s given by 
B = 0) is said to be a Bäcklund transformation 
between the evolution equations 

u, = K(u), u(t) E M1 , (13a) 

s, = G(u), s(t) E Mz, (13b) 

if, for all t, 

B(u(t), s(t)) = 0, whenever B(u(O), s(O)) = 0. 

In the following we always assume that B(u, s) 
is admissible. 

On the context of transformations of opera
tors an important role is played by the operator 
T: s. ~ Sz given by 

(14) 
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Of course, T depend on u and s, where u and s 
are related by B(u, s) = 0. Let ds and du denote 
total derivatives with respect to s and u. Then 
ds T has a useful symmetry property expressed 
by the formula 

(dsT)[v]w = (dsT)[Tw]T- 1v, V E s2, wEs •. 
(15) 

For the proof see [7, Iemma]. This formula 
immediately yields a similar property for 
T*: S! ~ St expressed by 

(dsT*[v]a, w) = ((dsT*)[Tw]a, T-1v) 
= (a, (dsT)[Tw]T-1v) 

for arbitrary V E s2, w E s I and a E S!. 

(16) 

Theorem 3. For s E M2 define operators 
O(s): S! ~ S2 by 

O(s) = T6(u)T*, (17) 

where 6(u), u E Mh are given operators St ~ s •. 
Then 0 is implectic if and only if 6 is implectic. 

Proof. It is obvious that the skew-symmetry is 
preserved by the transformation (17). Hence, we 
only need to prove that the J acobi identity for 
{ }o((7) with respect to 0) follows from the 
Jacobi identity for 8. To do that consider arbi
trary a, b, c ES!, define ii = T*a, 6 = T*b, c = 
T*c and denote by lb, a, cl the quantity 
(b, (ds T)[Oa]OT*C). Elementary differential 
calculus then yields: 

{a, b, c }n = (b, (dsO)[!la]c) 
= (b, (dsT)[Oa]6T*c) 

+ (b, TO(dsT*)[Oa]c) 
+ (b, T(ds6)[!la]T*c). 

Using (15), the skew-symmetry for 6 and the 
above notation we can rewrite 

{a, b, c}n = lb, a, cl-lc, b, al 
+ (b, T(dsB)[!la]T*c). 

Note that since s is related to u by B = 0 the 
total derivative of O(u) is given by 

(18) 

Inserting this in the above equation we obtain 

{a, b, c}n = lb, a, cl-lc, b, al- {ii, 6, eh. (19) 

Hence, the Jacobi identity for { }e is clearly 
equivalent to that for { }n. • 

This result suggests that a similar transfor
mation formula should exist for N oether opera
tors in general. This is expressed by 

Theorem 4. Consider a Bäcklund transfor
mation B = 0 between (13a) and (13b) and define 

O(s) = T6(u)T*. 

Then n is a Noether Operator for (13b) if and 
only if 6 is a Noether operator for (13a). 

Proof. Again, it sufficies to prove one direction. 
Apart from formulas (14), (16) and (18) we are 
going to need: 

G=-TK, 

dsK = -KuT-1
• 

(20) 

(21) 

Eq. (20) is an immediate consequence of the 
fact that B = 0 is a Bäcklund transformation 
between the corresponding equations, and (21) 
is valid for the same reasons as (18). 

U sing (20) and (21) we get for the total 
derivative of G: 

dsG[·] = -(dsT)[·]K + TKu[T- 1 
·]. (22) 

N ow, Iet us calculate the crucial quantity 

Os[G]- OG~- GsO 
= (d5T)[G]6T* + T(d56)[G]T* + TO(dsT)*[G] 

+ O(dsT[·]K)* -O(TKuT-1)* 
+ (dsT)[O ·]K- TKuT- 1!l. 
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Now, using (15) and (20) one sees that the first 
and the sixth terms cancel. For the same reason 
the third and the fourth terms cancel, and the 
remaining terms can be written in the following 
form: 

fls[G] -nG~- Gsn 
= T(Ou[K]- OK~- KuO)T*. (23) 

Hence, if 6 is a Noether operator n must be one 
(and vice versa). • 

Remark 6. 
(i) One should observe that the transfor

mation ( 17) preserves the compatibility of im
plectic operators. As we shall see this is a very 
useful property. 

(ii) Clearly theorem 1 and theorem 4 yield a 
Bäcklund transformation for those hereditary 
symmetries which admit a symplectic-implectic 
factorization. But-as we have shown in [7]-this 
transformation carries over even to the case 
were the hereditary symmetry can not be fac
torized. 

(iii) Obviously, there exists a similar trans
formation formula for symplectic operators (and 
inverse-Noether operators). This formula is 
easily guessed, it is 

(24) 

6. Examples and applications 

6.1. Some implectic operators 

Let S be the space of C ... -functions on R 
rapidly vanishing at ±oo. D denotes differen
tiation with respect to XE R, D-1 denotes its 
inverse given by 

X 

f(x)~(D- 1/)(x)= I f(~)d~. 
If we take S* = {D-'sls ES}, with a bilinear 

form given by 

+cxo 

(s., s2) = I s,(x)s2(x) dx, 

then D: S*~S and D-1
: s~s* are skew

symmetric. One easily proves that the following 
operators are implectic: 

61(u) = aD + cp(u)Dcp(u), (25a) 

62(u) = ßD + cp(u)D + Dcp(u), (25b) 

where u E M: a, ß are arbitrary numbers and cp 
any C ... -function. 

Considering Bäcklund transformations and 
theorem 3 one can generate out of these im
plectic operators new ones. For example 

B(u, s) = s + au + ßu 2 + Ux = 0 

transforms O(u) = D into 

fl(s) = (a + 2ßu + D) D(a + 2ßu- D) 
= a 2D- D 3

- 2ß(Ds + sD). 

Hence, (renaming the above operator) we have 
found a new family of implectic operators: 

63(u) = aD + ßD3 +'}'(Du+ uD). (25c) 

An other implectic operator is given by 

O(u) = DuD- 1uD. 

U sing Iemma 1 one easily finds that this opera
tor is compatible with aD + ßD3

• Hence 

(25d) 

is again a family of implectic operators. 
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6.2. Construction of hereditary symmetries and 
more implectic operators 

Since the parameters a, ß, -y, 8 in (25) are 
arbitrary, it follows that the corresponding parts 
of operators constitute compatible pairs of im
plectic operators. U sing this trivial fact one gets 
(using theorem 1) many hereditary symmetries. 
For example: 

<l>t(u) = a + cJ>(u)DcJ>(u)D- 1 
, (26a) 

(26d) 

and 

<l>s(u) = {a + ßD2 + -y(Dun-• + u)}(1- D 2r 1
, 

(26e) 

and so forth. 
In the cases <~>. to <1>4 the role of 62 (in theorem 
1) was played by D and in the cases <1>5 and <1>6 
by (D- D 3

) = D(1- D 2
). 

One can now use theorem 2 to obtain from 
<1>., ••• , <1>6 new impletic operators, namely 

8n,k(u) = (<l>k(u))"D; k = 1, ... , 4 and n E N. 
(27a) 

and 

Bn,k(u) = (<l>k(u))"(D- D 3
); k = 5, 6 and n E N. 

(27b) 

Theorem 1 also indicates that if one changes 
the spaces S and S* in a suitable way, so that 
the <l>k" 1 make sense, then these inverse opera
tors are also hereditary (this follows from in
terchanging the role of 61 and 62 in theorem 1). 

At this point we emphasize that not all here
ditary symmetries admit a symplectic decom
position. A counterexample is 

<l>(u) = D + Dun-•, 

which is the hereditary symmetry of Burgers 
equation ([10] or [19]). 

Of course, a suitable application of our results 
yields far more hereditary symmetries (and im
plectic operators) than we have given so far. 
But instead of trying to be complete in this 
respect, we give a brief outline of how these 
results can be applied in the theory of nonlinear 
evolution equations. 

6.3. The corresponding Hamiltonian systems, 
their symmetries, conservation laws and soliton 
solutions 

We assume that <l>(u) is any of the hereditary 
symmetries given by (26). Since <l>(u) is in
variant under X-translation it follows that 

<l>'[ux] = [D, <I>] • (28) 

Hence <I> is a strong symmetry for the evolution 
equation: 

Ut = Ux• (29) 

So, the basic property [10] of hereditary sym
metries implies that cl» is also a strong symmetry 
for any of the following evolution equations: 

u, = Kn(U), n = 0, 1, 2, ... ' (30a) 

where 

(30b) 

If c~>-• makes sense then <I> is also a strong 
symmetry for the inverse equations: 

(<l>(u))"u, = Ux, n = 1, 2, ... , (31a) 
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This follows from the fact that <1>- 1 is then also 
hereditary and that (31a) can be written in the 
form 

u, == K-n(U) == (<l>(u))-"ux, n = 1, 2,... . (31b) 

Among these equations are 
(i) the Korteweg-de V ries equation 

u, = Uxxx + 6uux , 

which is a special case of u, 
ß = 1, 1' = 2); 

(ii) the modified KdV 

which is a special case of u, <1>4(u)ux(a = 0, 
ß = 1, eS= 4); 

(iii) the sine-Gordon equation 

which is a special case of u, = <1>4 1(u)ux(a = 0, 
ß = 1, eS= 4). 

But among those are also very many other 
nonlinear evolution equations which have not 
been considered before. For example: 

(One should note that the operator (D2 -n-• is 
an honest Operator s ~ S, namely the one given 
by 

where D: are defined to be 

X 

(D:v)(x) = J v(~) d~.) 
:oo 

We claim that we can provide a complete 
description of the symmetries, the conserved 

covariants, the Hamiltonian structure, the con
servation laws and the soliton solutions for all 
these equations. 

6.3.1. The syrnrnetries 
The operator <l>(u) is a strong symmetry for 

all the equations given by (30). N ow, since Ux is 
a symmetry for these equations (corresponding 
to the invariance of the equation under X-trans
lation) all the functions Kn(u), n = 
0, 1, 2, ... (and for n = -1, -2, ... if that makes 
sense) must by symmetries for any of these 
equations. In other words, all the ftows given by 
the Kn(u), n E Z, commute. 

6.3.2 The Noether operators and the fact that 
the conserved covariants are gradients 

The following proposition is very useful for 
the discussion of equations (30}, where <I> is 
defined by (26). 

Proposition 2. Assurne that the hereditary 
syrnrnetry <I> (which is invariant under X-trans
lation) adrnits the irnplectic-syrnplectic fac
torization 

(33) 

Assurne further that 

(34)o 

is a gradient function. Then the equation (30) 

is a bi-Hamiltonian systern having 8., 82, as 
Noether operators. Furthermore, all the func
tions 

(34)m 

are conserved covariants of equation (30) and 
also are gradient functions. 
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Proof. Theorem 2 implies that all <I>m82, m = 
1, 2, ... are implectic. Also, eq. (30) can be writ
ten in the form 

(30c) 

Hence, since <l>"82 is implectic and Go is 
gradient, proposition 1 implies that (30) is a 
Hamiltonian system and has <l>"82 as a Noether 
Operator. We further claim that it also has 8. 
and 82 as N oether operators. Let us prove that 
for the restricted case when <I> is invertible (or 
at least injective). In this case q,-n is a strong 
symmetry, hence using remark 2(iii) it follows 
that 82 is a Noether Operator. But then 81 = 4>82 
is also N oether for the same reason. It now 
trivially follows (since Km are symmetries) that 
Gm, as defined by (34), are conserved covariants. 
Furthermore, (30) can be written in the form 

(30d) 

and since q,n-m82 is N oether (for the same 
reason that 82 is Noether) and implectic it fol
lows from proposition 1( remark 3 (iii)) that all 
the Gm are gradient functions. (In the case that 
<I> is injective one can directly prove that if Gn is 
defined by (34) where 82 is a Noether operator 
of (30) and also implectic, then Gn is a gradient 
function). 

Note that (30d) also indicates that (if <I> is 
invertible) eq. (30) is N -Hamiltonian (for arbi
trary N). 

N ow Iet us return to eq. (30), where <I> is 
defined by (26). Then 82 is either equal to D (for 
<1>., ••• , <1>4) or equal to (D- D 3) (for 4>5 and <1>6). 
Hence, the corresponding G0 are clearly 
gradients (actually they are the gradients of 
!(u, u) and of ~(u, (1- D2r 1u) respectively). 
Therefore, the above proposition immediately 
implies that ~II Gm are conserved covariants and 
gradients. 

6.3.3. An orthogonality property 
Let Gm be defined by (34) (where 82 is skew 

symmetric but we do not assume that it is 

Noether). Then using 

(35) 

we obtain 

(36) 

Now, we proceed as in [10] to prove that, for all 
n, m, we have the orthogonality 

U sing (34) and (35) we obtain 

(Gm, Kn) =(Go, <l>n+mux) =- (Ux, 821<I>"+mux) 
=- (Ux, (<I>*)m821<l>"Ux) =-(Gm, Kn) · 

From the first and last terms of the above 

it follows the desired result. 

(37) 

Actually, one could use the above to prove 
that if Go is a gradient, it is also a conserved 
covariant for all equations (30) and then con
clude from (36) that Gm are also conserved 
covariants (remark 1 (iv)). 

6.3.4. The conservation laws 
It was shown in 6.3.2. that the Gm(u), m = 

0, 1, 2, ... , are gradient functions and conserved 
covariants for all equations (30). Hence, formula 
(2) implies that all the 

I 

Pn(U) = f (Gn(Au), u)d,\ (38) 
0 

are conserved quantities . for these evolution 
equations. 

For the description of soliton solutions the 
reader is referred to [10]. The procedure sug
gested in that paper applies equally well to eq. 
(30). 
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6.4. The complex case 

In section 5.1 we did not specify if the ele
ments of S are real or complex functions. In 
fact, all the results are valid for both cases. In 
this subsection we mean by S the space of 
complex functions and we want to deal with 
evolution equations which involve absolute 
values of u. 

For that situation it turns out ([10], also [18j 
and [23]) to be convenient to define the bilinear 
map which connects S* and S in a different 
way, namely by 

+oo 

(v, u} = ~ J (v(x)u(x) + v(x)u(x)) dx. (39) 

In order that this is really a bilinear map, we 
have to restriet the scalars to the real numbers. 
Multiplication with imaginary numbers con
stitutes then an operator (a skew-symmetric 
one). 

A simple calculation yields that then 

81 = i' (40a) 

(40b) 

83 = iuD-1 Re(ia ·) (40c) 

are implectic operators. (By Re(a ·) we under
stand the operator v --+real part (av) = 

!(av + äv).) All these operators are compatible 
(Iemma 1). This means that 

8(u) = ai + ßD + yiuD- 1 Re(iU ·); a, ß, y ER, 
(41) 

constitutes a family of implectic operators 
which can be used for the construction of 
hereditary symmetries. A special hereditary 
symmetry which can be constructed out of (41) is 
the one found in [10], 

<l>t(U) = -iD + i4uD- 1 Re(u ·). 

This operator is a special case of 

<l>(u) = -6(u) i-1 = 6(u) i 
= a + ß iD- y iuD- 1 Re(a ·). (42) 

In fact, all of the analysis given in 6.3. holds for 
this hereditary symmetry. Among the equations 
generated by the above <I> one finds the cele
brated Zakharov-Shabat equation [23]. 

6.5. A new class of exactly solvable third order 
equations 

Let a be a constant parameter and b(u) be 
any solution of 

d3b db 
w+Sa du= 0. (43a) 

Then it was shown in [6] that the equation 

U1 = Uxxx + au~+ b(u)ux (43b) 

is exactly solvable in the sense that it can be 
written in the form 

u, = <l>(u)ux (44a) 

where <l>(u) is a hereditary symmetry defined by 

2 
<l>(u) = D2 + 2aui + 3b 

2 D -1 + Ux n-1 db 
- aUx Uxx 3 du . (44b) 

Clearly eq. (43) contains the Gardner equation 
(linear combination of KdV and modified KdV) 
as special case when a = 0. However, for a ~ 0 
eqs. (43) yield a new class of exactly solvable 
equations, namely: 

Ur = Uxxx + au~ + ( 'T1 e2
"" + T2 e-2

"" + 'TJ), 

v = (-2a) 112
, (45a) 

where T., T2 are constant parameters. Eq. (45) 
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can be mapped to the modified KdV 

(46) 

through the Bäcktund transformation [6] 

The Hamiltonian formulation of (46) is well 
known (see also 6.3. of this paper), but that of 
eqn. (45) is by no means obvious. However, 
using the results of sections 3 and 5 we can 
easily obtain the bi-Hamiltonian formulation of 
(45): 

lt turns out that for this example it is more 
convenient to work with inverse-Noether 
operators J(u) instead of Noether operators 
6(u). Obviously, D-1 is an inverse Noether 
operator of (46). Hence, from (17) we obtain an 
inverse-Noether operator of (45) 

( T )1/2 ( )1/2 
T = D +V 3~ e""- V ;~ e-vu. 

Writing that down explicitely we get 

(48a) 

where 

(48b) 

Now, one observes that the hereditary sym
metry <l>(u) given by (44b) admits the decom
position 

J 1(u)<l>(u) = 2J2(u) or <l>(u) = 2J1(u)-1J2(u). 
(49) 

Since the constants -r., T2, a are arbitrary it 

follows that not only J(u) is symplectic, butthat 
J1(u) and J2(u) are symplectic as well. Then by 
remark 5(i), the hereditaryness of <l>(u) and (49) 
we conclude that 61 = 111 and 62 = 121 constitute 
a compatible pair of implectic operators. Hence, 
theorem 2 implies that all the 

are implectic. 
U sing the representation ( 44a) we can rewrite 

(45) in the form 

U1 = K(u) = <l>ux = 2J)1Go, (45b) 

where 

Further, Go is the gradient of 

(Note, that here we· are working again with the 
bilinear form of section 6.1, only S* has been 
replaced by the space of C00-functions with at 
most polynomial growth.) Hence, proposition 2 
implies that eq. (45) is a bi-Hamiltonian system 
with 61 = J)l, 62 = 121 as Noether operators. 
Furthermore, all Km, Gm (as defined by (30b) 
and (34), respectively, where <I> is given by 
( 44b)) are symmetries and conserved covariants 
of eqs. (45). Alsoall Gm are gradients and hence 
they define (see (38)) conserved quantities. 

6.6 Some fifth order equations 

The following fifth order equations are known 
tobe exactly solvable: 

(50b) 

Q 
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u, = U.xxxxx + 10aUUx.xx + 2SaU.xU.xx + 20a 2u2
U.x. 

(50c) 

Eq. (50a), sometimes called the Lax equation, 
belongs to the KdV hierarchy [15]. Eqs. (50b) 
and (50c) were introduced in [4] and [14], res
pectively. 

Eq. (50a) can be written in the form 

(51a) 

(5Ib) 

where <I> is the hereditary symmetry of the KdV 
equation (see (26c) with a = 0, ß = 1). Hence its 
Hamiltonian formulation follows from that of 
the KdV. For example fJ = D and 

fJ = <I>D = D3 + a(Du + uD) (52) 

are Noether operators of eq. (50a). But what is 
the Hamiltonian formulation of eqs. (50b) and 
(50c)? (lt can be easily seen that these equations 
do not admit DasanNoether operator.) 

We claim that 6 as defined by (52) is also a 
Noether operator for eqs. (50b) and (50c). This 
follows from the fact that eqs. (50) can be 
written in the form 

"' 
u, = [D3 + a(Du + uD)] grad J (- ~;+ ß;) dx, 

(53) 

where eqs. (50a), (50b) and (50c) correspond to 
ß = a/4, ß = 3a/2, ß = 4a, respectively, and 
grad H denotes the gradient of the functional H. 
Eq. (53) provides the common Hamiltonian 
structure of eqs. (50) and (then proposition I 
implies that) fJ is their common N oether 
operator. 
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Note added in proof 
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Priloz. 13 (4) (1979), 14 (3) (1980). 
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1980). 

The connection to our work is discussed in: 
B. Fuchssteiner, Progress of Theoretical Physics, vol. 65 
(3) 1981, where also some of the results of this paper are 
extended. 
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