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Abstract

For all completely integrable nonlinear hamiltonian systems
which have a localized hereditary recursion operator, a complete
action-angle variable representation is given for the multisoliton
manifolds. Here multisoliton manifolds are defined as reductions
with respect to suitable linear sums of symmetry generators. The
embedding of these multisoliton manifolds, into the manifold of
all solutions, is described in terms of the construction of its tan-
gent bundle. The basis vectors of the respective tangent spaces
are given by local densities. This local geometrical description
of the tangent bundle turns out to be independent of the special
structure of the particular equation under consideration. The
principal tool for finding the necessary geometrical quantities
are the canonical commutation relations for the so called master-
symmetries. These relations reflect the hereditary structure. All
mastersymmetries turn out to be elements of the tangent space.
Although the mastersymmetries, in the case under consideration,
principally cannot be hamiltonian suitable integrating factors are
found which make them hamiltonian on the reduced manifold.
So, up to suitable linear combinations, the mastersymmetries are
shown to correspond to the angle variables. The action-angle-
stucture found in this way is put into one-to-one correspondence
with the spectrum of the recursion operator. The spectrum of
this operator is shown to be of multiplicity two and all its eigen-
vectors are explicitly constructed. Again, this construction is
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of a canonical nature, i.e. independent of the particular equa-
tion under consideration. For vanishing boundary conditions the
given action-angle-structure is compared to the asymptotic data
(speeds and phases), and the gradients of these global asymp-
totic data are given in terms of local quantities. It turns out
that for all times during the evolution the derivatives of the field
function with respect to any particular asymptotic datum yields
an eigenvector of the recursion operator. Thus a method is given
for reconstructing the spectral resolution of the recursion oper-
ator by partial derivatives. This method yields new methods of
solution for other equations (for example the singularity equa-
tion and the Harry Dym equation). The superposition formula
for phase shifts is shown to hold in all generality for the systems
under consideration. Several examples are given. An extensive
comparison of the present results with the work of others is car-
ried out.
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0 Introduction

The structure of finite dimensional completely integrable hamiltonian sys-
tems is well understood. Liouville’s theorem ([2]) guarantees the existence
of canonical coordinates, called action-angle variables, in which the hamilto-
nian equations are linear. Hence, these equations can be solved by quadra-
ture. Apart from this linearization a lot of information about the dynamics
of the system is hidden in these action-angle coordinates. But for classical,
i.e. finite dimensional, hamiltonian systems these coordinates are some-
times very difficult to find, this difficulty applies even to finding the action
variables.

Surprisingly, for some hamiltonian flows on infinite dimensional man-
ifolds the construction of suitable action variables often turns out to be
simple. Many different techniques have been developed in order to carry
out a recursive construction of these quantities, or rather a construction
of the symmetry generators, which then by the usual duality correspond
to the action variables. Usually, if one of these techniques leads to suc-
cess and yields infinitely many symmetry generators, then such a system is
called completely integrable although often a proof of the existence of the
corresponding angle variables is missing, let alone a concrete construction.

In the few cases where the angle variables have been constructed they
mostly were obtained by application of the ingenious inverse scattering
method. But since, among others, this method only applies to certain
boundary conditions, severe limits are imposed to use that method for a
better understanding of the geometrical action-angle structure of completely
integrable systems on infinite dimensional manifolds. In addition, not to all
systems, where recursive constructions of action variables have been car-
ried out, the inverse scattering method can be applied. This either because
suitable Lax pairs have not yet been found, or because the corresponding
isospectral operators are so complicated or so singular that a rigorous solu-
tion of the inverse problem is far from having been achieved yet.

So, we believe that direct methods, based on a more geometrical un-
derstanding, are still needed for the construction of the complete set of
action-angle variables. In this area this paper wants to make a contribution.

We first like to mention a fact which is widely overlooked, namely, that
there is a certain class of of completely integrable systems on infinite di-
mensional manifolds where, once some basic action variables are known, the
construction of the corresponding action-angle variables just amounts to a
trivial and simple exercise. Surprisingly this observation especially applies
to those systems which seem to be difficult or even inaccessible from the
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viewpoint of the inverse scattering method. We present this observation in
greater detail since it provides essential aspects for the work which is done
later on.

Recall that, given a symplectic structure, a set of sufficiently many quan-
tities fi, φk is called a canonical action-angle parametrization if for the
Poisson brackets of these quantities the following holds:

{fi, fj} = 0 , {fi, φj} = δijfi . (0.1)

In this case every flow having a hamiltonian H = H(f1, f2, ...), which is a
function of the fi alone, is linear in the coordinates given by these quantities.
Of course, the fi are conserved quantities for all these flows, but also the
φi are giving rise to conserved quantities of some kind. Namely, one easily
shows that for all φi− t{H,φi} the total time derivatives vanishes along the
trajectories of the flows given by H. Indeed the physical meaning of these
so called time dependent conservation laws is trivial, but not so their Lie
algebra meaning. In any case this observation allows us to look at angle
variables as time dependent conservation laws with a linear term in t. Often
such quantities do not exist, at least not globally, however sometimes they
are easy to find. Consider for example the BO (Benjamin Ono equation)

ut = Hilb(uxx) + 2uux (0.2)

where Hilb( ) is the Hilberttransform. For this equation we can define a
hamiltonian H and suitable Poisson brackets by

H =
∫ ∞

−∞
(
1
2
uHux− 1

3
u3)dx, {A, B} =

∫ ∞

−∞
(grad A)(grad B)xdx . (0.3)

For this equation one easily finds by scaling arguments a conserved quantity
with quadratic dependence in t. Take

M =
1
2

∫ ∞

−∞
x2udx . (0.4)

then one easily sees that

d

dt

(
M − t{H,M}+ t2

1
2
{H, {H,M}}

)
= 0 . (0.5)

This is so because the third application to M of the adjoint map{H, .}
vanishes. Now take any conserved quantity H1 of the BO, then, since the
BO is completely integrable this quantity must be in involution with the
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conserved quantity {H, {H,M}}. Hence this leads by commutation to a
conserved quantity linear in t given by

{H1, M − t{H,M}} (0.6)

This process can be repeated, thus we can use commutation with M to gen-
erate out of action variables angle variables1 . Of course these quantities
do not yet fulfill completely the canonical commutation relations, but this
remaining part is only a matter of diagonalization, and such a diagonaliza-
tion certainly can be carried out easily for the invariant finite dimensional
submanifolds (multisoliton manifolds).

It certainly seems intriguing to apply this procedure, which is of utmost
simplicity, to other equations as well, for example equations like the KdV.
But for these equations, and in fact for all equations where localized re-
cursion operators exist, this method fails since quantities like the M above
cannot be found. Not only that we did not find them yet, but rather that
they do not exist in principle. However, what can be found for these equa-
tions are vector fields which have a somewhat similar property, namely that
they are invariant vector fields depending explicitly in a linear way on the
time parameter. To be precise, a vector field G(u, t) depending on the field
variable u and the parameter t is said to be invariant for

ut = K(u) (0.7)

if
d

dt
(G(u, t)) = 0 (0.8)

i.e. if
∂

∂t
(G(u, t)) + [K, G] = 0 . (0.9)

(Here [ , ] denotes the vector field Lie algebra bracket.) The absolute part of
these quantities G(u, 0) were called mastersymmetries since they generate,
via commutation, other symmetry generators. In all known examples for
completely integrable flows on infinite dimensional manifolds it was possible
to generate all action variables in this way by recursive commutation with
one or two mastersymmetries.

1The generation of all action-angle variables becomes even more trivial in this case by observing

that one nontrivial angle variable suffices to generate one nontrivial angle variable, and this non

trivial angle variable then suffices to generate all other action variables. So the whole action-

angle structure in this case is generated by M and one non trivial action variable. The same

construction can be carried out for other equations like the Kadomtsev Petviashvili equation and

all other known integrable systems in 2+1 dimensions, see [17],[37].
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Of course by the symplectic structure we can now transfer a mastersym-
metry to the cotangent bundle where it then either has a potential or not. If
it has a potential it may serve as an angle variable just as in the case of the
BO. However in cases like KdV and others the 1-form thus obtained is not
closed and does not have a potential and that is exactly the reason why a
recursion operator exists. This because the Lie derivative of the symplectic
operator with respect to the mastersymmetry yields a second hamiltonian
formulation for the system under consideration, and combination of these
two hamiltonian structures gives the usual recursion operator.

Another idea immediately comes to the mind about how to generate time
dependent conserved quantities out of the mastersymmetries. Obviously the
scalar product of of a time dependent symmetry with another such symme-
try mapped via the symplectic structure to the cotangent bundle must be
conserved. Unfortunately in those cases where higher order mastersymme-
tries are not hamiltonian it turns out that the explicit t-dependence vanishes
for these scalar products. Actually, this is now the case to which the paper is
devoted. Therefore the following computations are all done under this basic
assumption that in these scalar products the t-dependent terms do disap-
pear. We want to make it quite clear that this basic assumption, which of
course also gives additional information, is not chosen for simplicity but in
order to pick out the hard nosed case.

The principal result of this paper is that even in this difficult case a con-
struction of a complete set of angle variables can be carried out with the help
of mastersymmetries. This is possible because it turns out that, although
these quantities are never hamiltonian on the full manifold, they can be
combined in such a way that they become hamiltonian on the reduced mul-
tisoliton manifold. Here, as usual, multisoliton manifolds are defined to be
reductions of the full manifold with respect to suitable linear combinations
of generators of an abelian symmetry group.

In order to show that these newly constructed quantities are hamiltonian
on the reduced manifold we first have to be able to handle this manifold
geometrically. For that reason we start by giving a complete description of
the tangent space at each point of the reduced manifold. To be precise: For
the equation

ut = K1(u) (0.10)

we consider under the basic assumption mentioned above an algebra of vec-
tor fields spanned by τi , Ki , i ∈ NI such that

[τn, τm] = (m− n)τn+m (0.11)
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[τn, Km] = (m + �)Kn+m (0.12)

[Kn, Km] = 0 (0.13)

for all n, m ∈ NI . Such an algebra is called hereditary algebra since it is shown
that it reflects the algebraic properties of the recursion operator. This even
is true in cases where such an operator does not exist in localized form.
Then for the reduced manifold

MN = {u | there are cn such that
N∑

n=o

cnKn(u) = 0} (0.14)

we show that the tangent space is at each point spanned by the vector
fields τi, Kj . A very crucial step in this construction is to show that the
coefficients cn in (0.14) are generic in the sense that

N∑
n=1

cnKn = 0 (0.15)

implies that also
N∑

n=1

cnτn = 0 . (0.16)

This relation later on gives access to the spectral theory of the recursion
operator and the relation is indeed equivalent to the commutation relations
required in the hereditary algebra. And, as pointed out earlier, these commu-
tation relations are more or less equivalent to the fact that the hamiltonian
system under consideration can be linearized in some abstract way.

The results described so far are presented in sections 1)-3) where in
sections 1) and 2) the cumbersome technical details are gathered. Unfortu-
nately, since the results are far from obvious, these introductory details are
of a somewhat technical nature, a fact for which we ask to be forgiven. It
should be mentioned that the construction of a basis for the actual tangent
space has, apart from its geometrical appeal, some interest in itself since
it also can be used in other areas which are not covered in this paper (e.g.
perturbation theory and the like).

In section 4) we show that, using the algebraic properties of the hered-
itary algebra, we are able to recover the recursion operator in an abstract
way. This abstract recursion operator coincides with the usual one in those
cases where it exists. This reconstruction of the recursion operator is not
done for the sake of futile generalization but for gaining access to the spec-
tral resolution of this operator. It is shown that using the generic role of the
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cn we are able to give in explicit form this spectral resolution. The recursion
operator is shown to have spectral multiplicity 2, and all its eigenvectors are
found as linear combinations of the Ki and the τj .

In section 6) integrating factors are determined which convert these nor-
malized eigenvectors into hamiltonian vector fields.

Up to now, all the constructions were completely independent of the
asymptotic properties of the elements of the solution space of the particular
system under consideration. This rather general context is left in section 7)
where genuine multisolitons are considered which decompose asymptotically
into traveling wave solutions with different asymptotic speeds and vanishing
overlap. The action variables which were constructed before are then com-
pared to the asymptotic data. We succeed in describing these asymptotic
data, which obviously were only defined by a global viewpoint, in terms of
gradients given locally by suitable invariant vector fields. As a by-result we
obtain that any partial derivative with respect to any asymptotic speed or
phase leads to an eigenvector of the recursion operator. That may not be
so surprising for the phases but was of great surprise to us in case of the
speeds. These results are then used to prove additivity of phase shifts in all
generality.

In section 8) we give some examples and point out briefly how the results
of the paper can be used to get new information even for the well known
cases like the KdV.

In the concluding section we return to the general situation and briefly
discuss how the given action-angle representation can be used even in those
cases where the vector fields we started with do not make any sense at all.
This especially applies to the case of nonvanishing boundary conditions.
Furthermore in that section an extensive comparison with the work done by
others is carried out.

We would like to append one remark of technical nature. Instead of using
variational derivatives we work with Lie derivatives for tensors throughout
the paper. This because Lie derivatives reflect more of the geometric struc-
ture. For those readers who are not used to this notion we refer to the
booklet [44] by TenEikelder. However no deep knowledge of Lie derivatives
is really needed. One only has to know that for scalar fields the Lie derivative
coincides with the variational derivative, that for vector fields it is given by
the vector field commutator and that for all other tensors the Lie derivative
is determined by the product rule (with respect to any tensor operation).
Keeping this in mind a heuristic knowledge of infinitesimal calculus suffices
to perform all computations presented in this paper.
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1 General Notation

On a suitable manifold M , for example M = S(RI n), i.e. the Schwartz space
of rapidly decreasing C∞-functions u : RI n → RI we consider the Lie algebra
of vector fields X(M) endowed with the usual commutator

[A, B] := B′[A]−A′[B] (1.1)

for all vector fields A, B ∈ X(M). The manifold variable we denote by u,
then in this notation the prime in A′[B] denotes the variational derivative
of A in direction B, i.e.

A′[B] =
∂

∂ε | ε=0
A(u + εB(u)) . (1.2)

In order to use a standardized mathematical notation we introduce the gen-
eral concept of Lie derivatives ([44],[37],[38],[39]) LAB defined as

LAB := [A, B] ∀A, B ∈ X(M) . (1.3)

Let there be given three vector fields τ0, τ1, τ2 with

[τ0, τ1] = τ1 and [τ0, τ2] = 2τ2 . (1.4)

For n ≥ 2 we define

τn+1 := (n− 1)−1Lτ1τn = (n− 1)−1[τ1, τn] . (1.5)

Under the crucial assumptions

[τ2, τ3] = τ5 , [τ2, τ5] = 3τ7 , (1.6)

one can show by the Jacoby-identity

[τn, τm] = (m− n)τm+n , (1.7)

or equivalently

Lτnτm = (m− n)τn+m ∀n, m ∈ NI 0 (1.8)

(see also [5], [37, p 45]). Moreover let there be another vector field K0 with

[τ0, K0] = �K0 (1.9)
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where � ≥ 0. In analogy to (1.5) we define

(n + �)Kn+1 := Lτ1Kn = [τ1, Kn] ∀n ∈ NI 0 . (1.10)

Assuming the relations

[τ2, K0] = �K2 , [τ2, K1] = (1 + �)K3 , [τ2, K2] = (2 + �)K4 (1.11)

between τ2 and the first Kn one obtains

LτnKm = (m + �)Kn+m ∀n, m ∈ NI 0 . (1.12)

As a consequence of the last equation we find if K0 and K1 commute then
the whole hierarchy of the Kn’s does commute, hence,

[Kn, Km] = 0 ∀n, m ∈ NI 0 . (1.13)

In this case the evolution equations

ut = Kn(u) n ∈ NI 0 (1.14)

are a hierarchy of commuting flows each having all of the vector fields Kn(u)
as symmetry generators. Since all these flows obviously have infinitely many
symmetries they are often called completely integrable or exactly solvable.
Then the τn’s are the mastersymmetries of degree one ([18], [37]). These
mastersymmerties have been used very early in order to generate symme-
tries (([10]) for the BO, ([36], [5]) for the KP and for many others).

EXAMPLES :
(i) With

τ0(u) := 1/2 xux + u

τ1(u) := 1/2 x(uxxx + 6uux) + 2uxx + 4u2 + uxD−1u

τ2(u) := 1/2 x(uxxxxx + 10uuxxx + 20uxuxx + 30u2ux) +
3uxxxx + 18u2

x + 24uuxx + 3uxD−1u2 +
uxxxD−1u + 16u3 + 6uuxD−1u

and K0 := ux, � = 1/2 the definitions above yield the hierarchy of the
Korteweg-de Vries Equation (KdV) ([5],[37])

ut = uxxx + 6uux . (1.15)
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It should be remarked that in this case the mastersymmetries τn are gener-
ated by recursive application of the recursion operator. This is well known
([37]) and can easily be understood in the context of the subsequent argu-
ments.
(ii) With

τ0(u) := xux + 2yuy + 2u

τ1(u) := 2xuy + 3y(D−1uyy − 6uux − uxxx) + 4D−1uy

τ2(u) := 3x(D−1 − 6uux − uxxx) +
3y(−4uyxx + 4/3 (D−1)2uyyy − 8uxD−1uy − 16uuy)−
−24u2 − 12uxx − 6uxD−1u + 6(D−1)2

and K0 := 1/3 ux, � = 1 the definitions above yield the hierarchy of the
Kadomtsev-Petviashvili Equation (KP) ([36],[5])

ut = D−1uyy − uxxx − 6uux. (1.16)

In the following we will restrict ourselves to the case of integrable hamil-
tonian systems fulfilling relations (1.8) and (1.12). The special form of the
coefficients in the commutator relations usually is only a matter of normal-
ization.

The theory of hamiltonian integrable evolution equations is well developed
([14],[15],[27],[32]), we will just mention the most important facts.

Let Θ(u) : X∗(M) → X(M) be an implectic (or Poisson) operator going
from the covector fields to the vector fields with

K = Θ(u) grad f(u) (1.17)

where f(u) is a scalar field on the manifold under consideration. Under this
assumption

ut = K(u) (1.18)

is said to be hamiltonian, i.e. K(u) is called a hamiltonian vector field. The
implectic Θ(u) defines a Lie algebra structure on the space of covector fields
X∗(M) and on F(M), the space of scalar fields f : M → RI . The Lie bracket
on F(M) is defined by

{f1, f2} Θ := < grad f2, Θ grad f1 > .

It is usually called a Poisson bracket and the map Θ grad provides a Lie
algebra homomorphism into the vector fields, i.e.

Θ grad {f1, f2} Θ = [Θgradf1, Θ gradf2] . (1.19)
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By the bracket < ., . > we denote the application of a covector to a vec-
tor. For being implectic (short form of inverse-symplectic) Θ(u) has to be
antisymmetric and in notions of Lie derivatives the following has to hold

LΘγΘ = −Θ(γ′ − γ′∗)Θ (1.20)

for every covector field γ ∈ X∗(M). For operators ∗ denotes the transpose
with respect to < ., . >. If there is an inverse J(u) = Θ−1(u) : X(M) →
X∗(M) mapping the vector fields into the covector fields, then this inverse
has to be symplectic, i.e. it must hold

LGJ = (JG)′ − (JG)′∗ (1.21)

for every vector field G ∈ X(M). We recall that the Lie derivatives for the
two-times contravariant tensor Θ and for the two-times covariant tensor J
in the direction of an arbitrary vector field G are given as

LGΘ := Θ′[G]−ΘG′∗ −G′Θ (1.22)

LGJ := J ′[G] + G′∗J + JG′ (1.23)

In case M = S(RI n) and when the duality between X∗(M) and X(M)
is represented by the usual L2-scalar product then the differential operator
Θ(u) := D is a typical example for an implectic operator with J(u) = D−1 =∫ x
−∞ . dξ . The KdV equation and the KP equation are both hamiltonian

with respect to D.

Taking the Lie derivative of some symplectic J in the direction of an arbi-
trary vector field G ∈ X(M) one obtains again a symplectic operator ([37]).

J̃ := LGJ = (JG)′ − (JG)′∗ .

In connection with the mastersymmetries τ0, τ1, τ2, ... there are two different
cases to distinguish.

CASE 1:
If Lτ1J = 0 and Lτ2J = 0 one easily shows

LτnJ = 0 ∀n ∈ NI (1.24)

meaning that all these mastersymmetries are hamiltonian vector fields with
respect to J too. So we have already found the angle variables as the po-
tentials of Jτn because their potentials are the time-independent part of
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conserved quantities being linear in time ([19]).

EXAMPLE: For the KP equation the set of angle variables φ0, φ1, φ2, ...
is given through

grad φn = D−1τn ∀n ∈ NI 0 .

We write down the first ones explicitly :

φ0(u) :=
∫
RI 2

(
1
2
xu2 + yuD−1uy)dxdy

φ1(u) :=
∫
RI 2

(
3
2
yu2

x − 3yu3 +
3
2
y(D−1uy)2 + xuD−1uy)dxdy

φ2(u) :=
∫
RI 2

(6yuxuy +
3
2
xu2

x − 3xu3 +
3
2
x(D−1uy)2 +

2yuD−3uyyy − 9yu2D−1uy − 6yuD−1(uuy))dxdy

CASE 2:
In the second case Lτ1J or Lτ2J yields another nontrivial symplectic oper-
ator J̃ . It is remarkable that in all known integrable hamiltonian systems
Θ and J̃ form a compatible pair of implectic/symplectic operators lead-
ing to a bi-hamiltonian formulation and a hereditary recursion operator
Φ(u) = Θ(u)J̃(u) ([16],[32],[38]) for the system under consideration. An-
other consequence is ([37, p93])

LτnJ �= 0 ∀n ∈ NI . (1.25)

Hence none of the Jτn has a potential and therefore none of the τn leads to
a conservation law linear in time or equivalently to an angle variable (except
maybe the trivial one for n = 0). Of course, this statement only holds for
the full manifold, the situation may be different if reductions to invariant
submanifolds, for example soliton manifolds, are considered.

EXAMPLE : For the KdV equation one obtains

Lτ1D
−1 = 2(D + 2uD−1 + 2D−1u) =: 2J̃ ,

J̃ is symplectic and

Φ(u) := Θ(u)J̃(u) = D(D + 2uD−1 + 2D−1u) = D2 + 2DuD−1 + 2u

is the well known hereditary recursion operator.
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2 Basic Facts and Computations

It is our aim to find explicitly the angle variables of every integrable hamil-
tonian system for the multisoliton solutions. By ”explicit” we mean that it
is required that the angle variables can be expressed in terms of the field
variable u. This is in contrast to the formal description of angle variables
by the IST where these variables are expressed in terms of scattering data,
i.e. in terms of data which require not only the knowledge of u but rather
the knowledge of a solution of a spectral problem derived from u. In case
1 the work is already finished, so we will restrict ourselves to case 2. It
turns out that also in this case there is a straightforward way to express
the angle variables in terms of the field variable and that, in addition, this
representation yields some geometrical insight for the soliton solutions.
As we are mainly interested in the structure of mastersymmetries we like to
use them to define the relevant quantities and not to choose an approach
via the hereditary recursion operator. Therefore we will consider integrable
hamiltonian systems normed through the commutator relations (1.8) and
(1.12) with J(u) := Θ−1(u) the inverse of the implectic operator such that

Lτ0J = λJ , λ some number . (2.1)

This assumption allows us to introduce a degree for the relevant tensor fields.
We define a tensor field T to be of degree α if

Lτ0T = αT . (2.2)

We observe that the τr have degree r, the Km have degree (m+�), and, since
degrees are additive, the scalar field < JKr, τm > has degree λ + m + � + r.

The basic assumption of the subsequent considerations is now:
For ut = Kn(u) , n ≥ 1, there is no conservation law of degree ≥ λ + 1
which can be written explicitly in terms of the field variable u and having a
nonzero term linear in time t.

In fact by this assumption we pick out the nontrivial examples belonging
to case 2; for example the KdV, mKdV, sine-Gordon, Kaup-Kupershmidt,
CDGSK and so on.

After having stated the general framework we derive now the basic facts.
From equation (1.12) and some elementary considerations ([18]) we know
that for arbitrary r ∈ NI 0 the fields

vn := τn + (r + �)tKn+r ∀n ∈ NI 0
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are generators of symmetry groups with explicit time dependence for the
evolution equation

ut = Kr(u) . (2.3)

Since the Kn commute we have < JKn, Km >= 0 for all n, m ∈ NI 0. This is
a consequence of (1.19) and the fact that Θ grad is a Lie algebra homomor-
phism from the scalar fields to the vector fields. Now using the antisymmetry
of J we find for these vn that

< Jvn, vm >=< Jτn, τm > +(r + �)t(< JKn+r, τm > − < JKm+r, τn >)
(2.4)

is a conservation law for (2.1) for all n, m ∈ NI 0 with explicit time depen-
dence. We observe that the term linear in time t has degree λ+�+m+n+r.
So due to our basic assumption the linear term has to vanish, i. e. it has to
hold for all n, m ∈ NI

< JKn+r, τm >=< JKm+r, τn > . (2.5)

For m = n = r = 0, although not covered by our basic assumption, this
relation is trivial. With the definition

Pr :=< JKr, τ0 > (2.6)

we infer from (2.5) (with n = 0) that

Pm+r =< JKr, τm > ∀m, r ∈ NI 0 . (2.7)

Using the Lie derivative for covector fields γ in the direction of a vector field
G given by

LGγ = γ′[G] + G′∗γ ≡ grad < γ, G > +(γ′ − γ′∗)G (2.8)

and using the fact that J is symplectic (equation (1.21)) we find that for all
m, r ∈ NI 0

LKr(Jτm) = grad < Jτm, Kr > +((Jτm)′ − (Jτm)′∗)Kr

= −grad < JKr, τm > +(LτmJ)Kr (2.9)
= −gradPm+r + (LτmJ)Kr .

On the other hand the product rule for Lie derivatives leads with the help
of (1.10) to

LKr(Jτm) = (LKrJ)τm + J(LKrτm)
= J(LKrτm) = −(r + �)JKr+m (2.10)
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since LKrJ vanishes for all r ∈ NI 0 because the Kr are hamiltonian. Hence
using (2.9) we obtain

gradPm+r = (LτmJ)Kr + (r + �)JKr+m ∀r, m ∈ NI 0 . (2.11)

For m = 0 we know from equation (2.1)

(Lτ0J)Kr = λJKr ∀r ∈ NI 0 .

Therefore we obtain

gradPr = (r + � + λ)JKr ∀r ∈ NI 0 , (2.12)

inserting this into equation (2.11) we find the important equation

(LτmJ)Kr = (λ + m)JKr+m ∀m, r ∈ NI 0 . (2.13)

Let us resume the principal results of this section. We considered an
algebra of vector fields spanned by τi , Ki , i ∈ NI such that

[τn, τm] = (m− n)τn+m (2.14)

[τn, Km] = (m + �)Kn+m (2.15)

[Kn, Km] = 0 (2.16)

for all n, m ∈ NI . Henceforth we will call such an algebra a hereditary algebra
(for reasons which become obvious in theorem 2). Given a suitable symplec-
tic operator J having the required scaling properties we were interested in
the following properties

CONDITION 1:
< JKn1 , τm1 >=< JKn2 , τm2 > (2.17)

whenever n1 + m1 = n2 + m2.

CONDITION 2:
For all n, m ∈ NI the

< Jτn, τm >

are conserved quantities for any of the equations ut = Kr(u) , r ∈ NI .
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Lemma 1 : Condition 1 and condition 2 are equivalent.

Proof: Obviously condition 1 is the same as equation (2.5). Now ev-
erything is an immediate consequence of the conserved quantity given by
equation (2.4).

Remark 1 : These conditions are an immediate consequence of the basic
assumption.

Lemma 2 : If condition 1 holds for a hereditary algebra then for the con-
served quantities Pr and the vector fields Kr we have

Pm+r =< JKr, τm > ∀m, r ∈ NI 0 ,

gradPr = (r + � + λ)JKr ∀r ∈ NI 0 ,

(LτmJ)Kr = (λ + m)JKr+m ∀m, r ∈ NI 0 .

3 The Tangent Bundle of the Multisoliton
Manifold

We assume that equation (1.18) is completely integrable. It is our aim to
construct angle variables for this equation, not on the full manifold but on
an invariant submanifold, the multisoliton manifold. One of the possibilities
to define a N -soliton solution of (1.18) is to take a solution u of the ordinary
differential equation

N∑
n=0

cnKn(u) = 0 (3.1)

with constants cn ([21]). In case there is a recursion operator this definition
is equivalent to the requirement that ux can be linearly decomposed in a
finite sum of eigenvectors of the recursion operator. For this definition of
pure solitons see [4].
Physically a N -soliton solution of (1.18) divides into N noninteracting 1-
solitons for large time. The constants cn are in one-to-one correspondence
to the asymptotic speeds of the asymptotic solitons, or in one-to-one corre-
spondence with the eigenvalues of the recursion operator. If we also want
to take into account variable asymptotic speeds then the cn are functions
depending on u and being invariant under time. Hence the cn = cn(u) are
then suitable conservation laws and it should be possible to represent them
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in terms of the usual conservation laws known for the system under consid-
eration. In fact this can be done as shown subsequently.
The set of all u fulfilling equation (3.1) for variable speeds, i.e. for ”con-
stants” cn depending on u but being conservation laws for the flow, we call
the N -soliton manifold MN . The amplitudes (or speeds) and the phases of
the solitons characterize the points on this manifold, hence in general we
have to expect MN to be a 2N -dimensional manifold .
Since all our known objects on the N -soliton manifold are vector fields we
like to describe the tangent bundle TMN of MN . The fibers TuMN of the
tangent bundle have the same dimension as the submanifold MN itself,

dim TuMN = 2N (3.2)

and they are spanned by a basis, which will be derived right now.
One of the consequences of our subsequent results is that the tangent bun-
dle is not only determined in an abstract way but its embedding into the
tangent bundle of the full manifold is given. Hence our description of the
tangent bundle is of a geometric nature.

Because of equation (3.1) every tangent vector field v ∈ X(MN ) has to
fulfill

(
N∑

n=0

cnKn )′[v] = 0 . (3.3)

On the other hand, because of (3.1), we trivially have

v′ [
N∑

n=0

cnKn ] = 0 ∀v ∈ X(MN ) .

Hence
N∑

n=0

( < grad cn, v > Kn + cn[v, Kn] ) = 0 (3.4)

has to be true for all tangent vector fields v ∈ X(MN ).
Since the operator J is linear we obtain from equation (3.1)

N∑
n=0

cnJKn = 0 . (3.5)

Taking the scalar product with τr yields for arbitrary r the crucial identity

0 =
N∑

n=0

cn < JKn, τr >=
N∑

n=0

cnPn+r (3.6)
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which must hold on the N -soliton manifold. We normalize (3.1) in such a
way that c0 := 1 and we take the first N equations given by (3.6)

N∑
n=0

cnPn+r = 0 , r = 0, ..., N − 1 (3.7)

as a system of linear equations for the c1, ..., cN . We solve this system by
Cramers rule and obtain as solutions for c1, ..., cN

ci = −det Ai

det A
, (3.8)

with

A :=

⎛
⎜⎜⎜⎜⎝

P1 P2 ... PN

P2 P3 ... PN+1

. . ... .

. . ... .
PN PN+1 ... P2N−1

⎞
⎟⎟⎟⎟⎠

and where Ai is generated out of A by replacing the i-th column by P0, . . . , PN−1

Ai :=

⎛
⎜⎜⎜⎜⎝

P1 P2 ... Pi−1 P0 Pi+1 ... PN

P2 P3 ... Pi P1 Pi+2 ... PN+1

. . ... . . . ... .

. . ... . . . ... .
PN PN+1 ... PN+i−2 PN−1 PN+i ... P2N−1

⎞
⎟⎟⎟⎟⎠ .

Furthermore we observe that whenever the cn are represented by the Pm

according to formula (3.8) then equation (3.7) is identically fulfilled, i.e. it
holds for all u, wether or not u is a N -soliton solution. This observation
will be an essential ingredient for later arguments.
Therefore from now on we choose the cn for n = 0, ..., N − 1 as

cn = cn(P0, P1, ..., P2N−1) (3.9)

given by formula (3.8). Then the gradients of the cn can be computed as

grad cn =
2N−1∑
k=0

∂cn

∂Pk
grad Pk , n = 0, 1, ..., N . (3.10)

We now start to determine the vector fields tangent to the N -soliton
manifold.
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Since the Pk are conservation laws for all equations of the form ut = Kn(u)
one has for all k, n ∈ NI 0

< grad Pk, Kn >= 0 . (3.11)

Hence, if v is any of the vector field Kn then equation (3.4) holds, since the
symmetries are all commuting. Thus every vector field Kn is tangent to the
N -soliton manifold for all n ∈ NI 0.
So all the Kn, n ∈ NI 0 must be linearly depending on a finite set among
them. In order to find these dependencies we recall that the operator

LτrJ = (Jτr)′ − (Jτr)′
∗ (3.12)

is for all r ∈ NI 0 a linear operator. Since

N∑
n=0

cnKn = 0

we obtain in connection with equation (2.13)

0 = (LτrJ)
∑N

n=0 cnKn =
∑N

n=0 cn((Jτr)′ − (Jτr)′∗)Kn

=
∑N

n=0 cn(λ + r)JKn+r = (λ + r)
∑N

n=0 cnJKn+r

for all r ∈ NI 0. Hence, the important equation

N∑
n=0

cnKn+r = 0 (3.13)

holds for every r �= −λ, showing that K0, K1, ...,KN−1 are the only linearly
independent symmetries on the N -soliton manifold.

So far we have already found half of the basis elements of the tangent
bundle. As the next step we show that the remaining elements of this basis
are the vector fields τ0, ..., τN−1.
According to the choice of the cn as functions of the conservation laws P0,
..., P2N−1 the equation

N∑
n=0

cn(u)Pn+r(u) = 0 (3.14)

holds for all r = 0, ..., N − 1 and for all u ∈ M independently of whether u
is a N -soliton solution or not. So, arbitrary pertubations in all directions of
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the manifold are admissible and we obtain for a small pertubation of u in
the direction of τm that

N∑
n=0

cn(u + ετm)Pn+r(u + ετm) = 0 (3.15)

Taking the derivative with respect to ε at ε = 0 we find

N∑
n=0

c′n[τm]Pn+r + cnP ′n+r[τm] = 0 . (3.16)

With the definition of the conservation laws Pk and their gradients (equation
(2.6) and (2.12)) we obtain

P ′n+r[τm] = < grad Pn+r, τm >

= (n + r + � + λ) < JKn+r, τm >= (n + r + � + λ)Pn+r+m .

Going back to the N -soliton manifold we finally have for r = 0, ..., N − 1
and every m ∈ NI 0 that

N∑
n=0

c′n[τm]Pn+r + ncnPn+r+m = 0 (3.17)

since the sum (r + � + λ)
∑N

n=0 cnPn+r+m vanishes according to equation
(3.6).

Now we consider the vector fields

Am = [τm,

N∑
n=0

cnKn] = Lτm(
N∑

n=0

cnKn) . (3.18)

We claim

Am = 0 whenever
N∑

n=0

cnKn = 0 . (3.19)

Proof of that claim: With (1.12) we obtain

Am =
N∑

n=0

cn(n + �)Kn+m + c′n[τm]Kn . (3.20)

We first multiply this equation with J and then we take the scalar product
with Kr. This yields with the help of (2.7) and (3.6)

< JAm, τr >=
N∑

n=0

ncnPn+r+m + c′n[τm]Pm+r . (3.21)
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From here we obtain with (3.17)

< Am, Jτr >= 0 (3.22)

for all m ∈ NI 0 and all r = 0, ..., N − 1.
Now, elementary linear algebra will do the rest. Consider the space E
spanned by the Kn. Let its dimension be M (obviously M ≤ N). From
(3.21) we see that the Am are in that space. By (3.13) and (2.12) we obtain
that among the Pn, n = 0, . . . , 2N − 1 there are at least M ones which are
linearly independent. By (2.7) we find that application of scalar product
with Jτr, r = 0, . . . , N − 1 on E yields at last M of these linearly indepen-
dent Pn’s. Hence the only vector in the M -dimensional space E which is
mapped to zero by these scalar products can be the zero-vector itself.
Thus (3.23) implies that on the N -soliton manifold given by

∑N
n=0 cnKn =

0 the vector fields Am are equal to zero for all m ∈ NI 0.

This technical result obviously provides the missing members of the tan-
gent vector fields: Because of (3.1) the relation Am = 0 gives

(
N∑

n=0

cnKn )′[τm] = 0 (3.23)

for all m ∈ NI 0 and the τm are tangent vector fields to the N -soliton manifold.
Since we have already found N independent tangent vector fields K0,

K1,..., KN−1, only N of the τm can be linearly independent. To determine
their dependence for fixed but arbitrary k ∈ NI 0 we make the following
ansatz

N∑
n=0

εnτn+k = 0 (3.24)

with ε0 = 1. Again scalar product with JKr yields for all r ∈ NI

0 =
N∑

n=0

εn < JKr, τn+k >=
N∑

n=0

εnPn+r+k . (3.25)

Compared with equation (3.6) we obtain for n = 1, ..., N the coefficients

εn = cn ,

hence,
N∑

n=0

cnτn+k = 0 . (3.26)
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Therefore it is shown that for every j, k ∈ NI 0

Kj , ...,Kj+N−1, τk, ..., τk+N−1

form a basis of all vector fields tangent to the N -soliton manifold. For
convenience and for further computations we choose j = k = 0 and take

K0, . . . , KN−1, τ0, . . . , τN−1

as the standard basis.

The principal result of this section is

Theorem 1 : Assume that condition 1 holds for a hereditary algebra and
define the N -soliton manifold to be

MN := {u | there are cn such that
N∑

n=0

cnKn = 0} . (3.27)

Then the tangent space of MN is spanned by the vector fields K0, . . . , KN−1

and τ0, . . . , τN−1. Furthermore we have the following relations for every
r ∈ NI 0:

N∑
n=0

cnKn+r = 0

N∑
n=0

cnPn+r = 0

N∑
n=0

cnτn+r = 0 .

4 The Recursion Operator and its Spectral
Properties

We recall that a linear operator Φ : L → L mapping a Lie algebra L into
itself is said to be hereditary if

Φ2[A, B] + [ΦA, ΦB] = Φ[ΦA, B] + Φ[A, ΦB] (4.1)

holds for every A, B ∈ L. This is obviously equivalent to

LΦAΦ = ΦLAΦ for all A ∈ L (4.2)
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(see [37]). For most of the well known examples (KdV, mKdV, sine-Gordon,
etc.) hereditary algebras are generated by recursive application of a heredi-
tary operator to suitable elements K0 and τ0. So it has to be expected that
the identity (4.1) is closely connected to the commutator assumptions we
required for hereditary algebras.

Theorem 2 : Consider a hereditary algebra and define a linear operator Φ
on the span of the Kn and τn by

Φτn = τn+1 , ΦKn = Kn+1 (4.3)

then this operator is hereditary.

The proof of this fact is left out because of its extremely elementary nature.
One only has to check property (4.1) on the basis elements Kn and τn.

Nevertheless, this theorem has interesting consequences:

i) There are 2+1-dimensional cases (KP and the like) where no recursion op-
erator in the usual sense has been found, but where symmetries Kn and mas-
tersymmetries τn with the required properties are easily found ([5],[18],[36]).
Hence according to theorem 2 we know that a recursion operator in the above
sense exists. So, this situation differs from the classical one only insofar as
the recursion operator has no local structure. The same applies to integro-
differential operator in 1+1 dimensions where recursion operators have not
been found (Benjamin Ono equation, intermediate long wave equation).
For another approach to the recursion operator in these cases the reader is
refered to the papers of Fokas and Santini ([12],[43],[42]).

ii) Whenever there is a hereditary Φ and a scaling field

τ = xux + εu , some ε (4.4)

with
LτΦ = �−1Φ , � �= 0 (4.5)

then we may define a sequence of suitable Kn and τn by

τn = Φnτ0 , τ0 = �τ (4.6)

Kn = ΦnK0 , K0 = ux (4.7)
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which fulfill the commutator relations required for hereditary algebras. Hence
in this case the hereditary operator defined by theorem 2 is the given one
restricted to the span of the Kn and τn.

Since the existence of hereditary recursion operators is intimately connected
to the existence of nonhamiltonian mastersymmetries ([37]) the last remark
suggests that there is no hope that the tangent fields given by the τn will
turn out to be the gradients of the angle variables. Therefore we have to
make a detour for finding these gradients. In order to do so we first intro-
duce a rather natural condition.

Recall that in those cases where a recursion operator exists this recur-
sion operator is usually obtained out of a bi-hamiltonian formulation. As
consequence then the quantity JΦ is a skew-symmetric operator (given by
the second hamiltonian formulation). This skew-symmetry we now require
for the operator defined in theorem 2.

CONDITION 3: JΦ is skew-symmetric.

Remark 2 : Since < JKn, Km >= 0 for all n, m ∈ NI we obtain by con-
dition 1 that JΦ is skew-symmetric if it is so on the span of the τn. Hence
condition 1 is equivalent to

< Jτn+1, τm >=< Jτn, τm+1 > ∀n, m ∈ NI . (4.8)

We now return to the N -soliton manifold

MN = {u | there are cn such that
N∑

n=o

cnKn = 0}

and turn our special attention on the nondegenerate part. That is the man-
ifold of those u where the characteristic polynomial

CPN (ξ) =
1

cN

N∑
n=0

cnξn (4.9)

of MN has N different2 zeros ξ1, ξ2, ..., ξN .
This characteristic polynomial will be essential for the investigating of the

2Generally the zeros of the characteristic polynomial correspond to the velocities of the solitons

which emerge at t = +∞ (see [21]). So, physically speaking the nondegenerate N -soliton manifold

corresponds to the requirement of different asymptotic speeds.
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spectral properties of Φ.

As dual of TMN

T ∗MN = J(TMN ) (4.10)

we introduce the space J(TMN ). Then J is a symplectic map from TMN

into T ∗MN , hence all the flows given by the vector fields K0, ...,KN remain
hamiltonian. Since these flows on an 2N -dimensional manifold each have N
conservation laws in involution they must be completely integrable ([2]). For
the explicit determination of a suitable linearization the task to determine
the angle variables remains. In order to provide efficient tools for this task
we gather some information about the characteristic polynomial:

i) Because of

CPN (Φ)τk =
1

cN

N∑
n=0

cnτk+n (4.11)

and

CPN (Φ)Kk =
1

cN

N∑
n=0

cnKk+n (4.12)

we observe with the help of theorem 1 that

CPN (Φ) = 0 (4.13)

on the tangent space TMN .

ii) We can write

CPN (ξ) = (ξ − ξ1)(ξ − ξ2)...(ξ − ξN ). (4.14)

For k = 1, ..., N we introduce the N auxiliary polynomials

Qk(ξ) = (ξ−ξ1)(ξ−ξ2)..(ξ−ξk−1)(ξ−ξk+1)...(ξ−ξN ) =
N−1∑
n=0

cn,kξ
n (4.15)

which are obtained by removing the factor (ξ − ξk) from CPN (ξ) . Because
of

(Φ− ξk)Qk(Φ) = 0 (4.16)

we find that for every vector A in TMN we have that Qk(Φ)A must be an
eigenvector of Φ with eigenvalue ξk .
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iii) If the zeros of CPN are not degenerate then by fractional parts we
obtain

1 =
N∑

n=1

αnQn(ξ) (4.17)

where the αn are given by derivatives

αn = (CPN
′(ξ) | ξ=ξn

)−1 = Qn(ξn)−1. (4.18)

So, for the nondegenerate N -soliton manifold we obtain the spectral decom-
position as

1 =
N∑

n=1

αnQn(Φ) (4.19)

iv) As special eigenvectors (with eigenvalue ξn ) we introduce

vn = Qn(Φ)K0 (4.20)

and
ωn = Qn(Φ)τ0 . (4.21)

Then in case of the nondegenerate N -soliton manifold the vn span the same
space as the Kn and ωn span the same as the τn. This is easily seen from

Kk =
N∑

n=1

(ξn)kαnvn (4.22)

τk =
N∑

n=1

(ξn)kαnωn (4.23)

which is a consequence of (4.19).

A better understanding of the N -soliton case will be possible if we change
the basis in the tangent bundle from the Kn, τn to the vn and ωn. For hav-
ing suitable tools we recompute all Lie derivatives. First we gather some
technicalities.

Observation 1 : For all n and m we have

i) The quantities LKnKm , LKnJ , LKnPm , LKncm , LKnΦ all disap-
pear.
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ii) LτnPm = (m + � + λ)Pm+n .

iii) LτnΦ = Φn+1

Proof: i) mostly follows from the assumptions in the second section. Only
LKnΦ = 0 has to be considered separately. But this is an immediate con-
sequence of the commutator relations required for the hereditary algebra
(together with the definition of Φ ). In the same way follows iii).

ii) is an immediate consequence of the representation given for the gra-
dient of Pm in formula (2.12).

Observation 2 : If condition 3 holds then for all n,m the following is true
on the nondegenerate N -soliton manifold

i) < Jvn, vm >=< Jωn, ωm >= 0

ii) For the scalar products < Jvn, ωm > we have the following represen-
tations

< Jvn, ωm > = δn,mQn(ξn) < JK0, ωm >

= −δn,mQn(ξn) < Jτ0, vm >

= δn,mQn(ξn)
N−1∑
k=0

cn,kPk

iii) < Jτn, τm >= 0

iv) LτnJ = (λ + n)JΦn

(here δn,m = 0 if m �= n and δn,n = 1 ).

Proof: i) For n = m this is a consequence of the skew-symmetry of J .
For n �= m we obtain these relations from the skew-symmetry of JΦ in the
following way:

ξn < Jvn, vm > = < JΦvn, vm >

= − < vn, JΦvm >

= ξm < Jvn, vm > .

Since ξn �= ξm all these expressions are zero. For the scalar product <
Jωm, ωn > the computation is the same.
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ii)With the definition of Qn(Φ) we see that Qn(Φ)Qm(Φ) = 0 for n �=
m, because this quantity contains the characteristic polynomial (4.13) as a
factor. In case n = m then Qn(Φ)Qn(Φ) = Qn(ξn)Qn(Φ) because Qn(Φ)
maps every vector of the tangent space into the ξn-eigenspace of Φ. Hence,

< Jvn, ωm > = < JQn(Φ)K0, Qm(Φ)τ0 >

= < JK0, Qn(Φ)Qm(Φ)τ0 >= 0

for n �= m and

< Jvn, ωn > = < JQn(Φ)K0, Qn(Φ)τ0 >

= < JK0, Qn(Φ)Qn(Φ)τ0 >= Qn(ξn) < JK0, Qn(Φ)τ0 >

= Qn(ξn) < JK0, ωn >= −Qn(ξn) < Jτ0, vn >

= Qn(ξn)
N−1∑
k=0

ck,nPk.

iii) Observe that the span of the ωn is equal to the span of the τn . So
this statement follows from i) and equation (4.23).

iv) Since all scalar products of the form < Jτr, Km > , < Jτr, τm >,<
JKr, Km > are known this identity is a simple consequence of the product
rule for Lie derivatives:

Lτn < JA, B >=< Lτn(J)A, B > + < J [τn, A], B > + < JA, [τn, B] > .

Remark 3 : Property iii) has far reaching consequences. It is this property
which yields the fundamental difference between cases 1 and 2 . If the τn

are hamiltonian then < Jτn, τm > is the Poisson bracket between the cor-
responding potentials and from the Lie algebra homomorphism (see (1.19) )
J−1grad = Θgrad one obtains that

Θgrad < Jτm, τn > = [τn, τm] .

Hence, the bracket < Jτn, τm > , n �= m can never disappear in the hamil-
tonian case. On the other hand, the skew-symmetry of JΦ, and , as a con-
sequence, property iii) is an immediate consequence of the bi-hamiltonian
formulation for the equation under consideration. Therefore, in case of
hamiltonian τn, there can never exist a bi-hamiltonian formulation in the
usual sense.
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Now we are finally in the position to compute all Lie derivatives with re-
spect to the new basis given by the vn and ωn . A crucial step for this is the
computation of the gradients of the zeros of the characteristic polynomial.

Lemma 3 : Let ξn be a zero of the characteristic polynomial . Then

Lτmξn = ξm+1
n .

Proof: From the skew-symmetry of J and JΦ we get

JΦ = −(JΦ)∗ = −Φ∗J∗ = Φ∗J ,

hence, for every eigenvector w of Φ with Φw = ξnw one obtains

Φ∗(Jw) = (Φ∗J)w = (JΦ)w = ξn(Jw) . (4.24)

Now we take the Lie derivative into the direction of τk on both sides of the
equation Φvn = ξnvn . With the help of the product rule for Lie derivatives
and property iii) of observation 1 this then yields

(Φ− ξn)Lτk
vn = (Lτk

(ξn)− ξk+1
n )vn .

Now we take scalar product with Jωn and obtain with equation (4.24)

0 =< (Φ∗ − ξn)Jωn , Lτk
vn >= (Lτk

(ξn)− ξk+1
n ) < Jωn , vn > .

Since < Jωn , vn >�= 0 according to observation 2 the lemma is proven.

Corollary : grad ξn = βn Jvn , where βn = ξn < Jvn, τ0 >−1.

Proof: The cn are conserved quantities for all ut = Kn(u) . Hence, for
all m, n ∈ NI we have LKmξn = 0 . Since the Jvn are orthogonal to the Kr

it only remains to show that application (of the right side of the equation
above) to τm yields ξm+1, the result of lemma 3. But this is easily seen from

βn < Jvn, τm > = βn < Jvn, Φmτ0 >

= βn < JΦmvn, τ0 >

= − ξm
n βn < Jτ0, vn >

= ξm+1
n .
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For convenience we introduce the following coefficients

Tm(x) = −(m + 1)xm +
N∑

k=1

xm+1 − ξm+1
k

x− ξk
, (4.25)

In case x is equal to some ξk , the limit of the quotient shall be taken.
Lemma 3 and observation 1 iii) tell us that

LτmQn(Φ) = Tm(Φ)Qn(Φ) = Tm(ξn)Qn(Φ) . (4.26)

This is easily seen: The derivatives of the factors of Qn yield the nominators
of the terms in the sum, so dividing by the denominator restores the Qn.
And since in Qn one of the factors which occurr in the sum for Tm is missing
this has to be made correct by the first term for Tm which is a limit of one
of the summands.
Remark that the last equality in (4.26) stems from the fact that Qn(Φ) maps
onto the ξn-eigenspace of Φ . A special case of that identity is

LτmQn(ξn) = Tm(ξn)Qn(ξn) .

By taking the αn defined in (4.22), which are the inverses of the Qn(ξn), we
obtain

Lτmαn = −Tm(ξn)αn . (4.27)

Another useful identity for the Tm is :

Tm+1(x)−xTm(x) = − xm+1 +
N∑

k=1

ξm+1
k = − xm+1 +

1
2
trace(Φm+1) (4.28)

(The factor 1/2 is due to the fact that the eigenvalues all have multiplicity
2.)
These identities can be used in the computation of some crucial Lie deriva-
tives.

Lemma 4 :

i) All the quantities LvnKm , Lvnvm , LvnΦ , LvnJ vanish.

ii) LωnKm = ξm
n (m + �)vn

iii) Lτmvn = (Tm(ξn) + � ξm
n ) vn
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iv) Lτmωn = (Tm(ξn)−m ξm
n ) ωn

Proof: i) Is an immediate consequence of the invariance of the J , Φ , and
the ξn under all of the Km .

ii) We observe that the Lie derivatives LKm of the auxiliary polynomials
Qn vanish. Hence we obtain

LKmωn = LKmQn(Φ)τ0 = Qn(Φ)LKmτ0

= −(m + �)Qn(Φ)Km = −(m + �)ξm
n Qn(Φ)K0

= −(m + �)ξm
n vn .

iii) With (4.26) we obtain

Lτmvn = (LτmQn(Φ))K0 + Qn(Φ)LτmK0

= Tm(ξn)vn + �Qn(Φ)Km

= (Tm(ξn) + �ξm
n )vn .

iv) Same argument as in iii) .

5 Canonical Representation

As in the last section we consider a hereditary algebra such that condition 3
is fulfilled. By renorming the eigenvectors we are able to diagonalize almost
all Lie derivatives.

We introduce:

Q̂n(Φ) = Qn(ξn)−1Qn(Φ) n = 1, ..., N . (5.1)

Then the spectral resolution (4.17) reads

1 =
N∑

n=1

Q̂n (5.2)

and we have the orthogonality relations

Q̂nQ̂m = 0 if n �= m and Q̂nQ̂n = Q̂n (5.3)
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where Q̂nQ̂m = 0 is due to the fact that Q̂nQ̂m contains the characteristic
polynomial as a factor. As a result we see that the Q̂n are projections. As
a canonical basis of the tangent space we now choose

Wn = Q̂nτ0 , Vn = Q̂nK0 . (5.4)

These fields are connected to the previous ones by

Wn = αnωn , Vn = αnvn where αn = Qn(ξn)−1. (5.5)

Remark 4 : Recall that when a vector field A is multiplied with a scalar
field φ then we have for scalar quantities S and vector fields B the following
identities

LφAS = φ LAS

LφAB = −LB(ΦA) = φLAB − < grad φ, B > A .

With the help of (4.27) and lemma 4 ii) ...iv) we find

LWnKm = ξm
n (m + �)Vn (5.6)

LτmWn = −mξm
n Wn (5.7)

LτmVn = �ξm
n Vn . (5.8)

Furthermore with the use of the corollary of lemma 3 and observation 2 ii)
we have

LWmξn = δn,mξn . (5.9)

From here we obtain:

Theorem 3 :

i) LVmΦ = 0 , LVmQ̂n = 0

ii) LWmΦ = ξmQ̂m

iii) LWmQ̂n = 0

Proof: i) is just a consequence of lemma 4 i) and the fact that we have
renormalized with a conserved quantity αn , i.e. a quantity having a gradient
orthogonal to all the Kn .

ii) By (5.7) and the product rule for Lie derivatives we find

(LWmΦ)τn = LWmτn+1 − ΦLWmτn = ((n + 1)ξn+1
m − nξmξn

m)Wm =
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= ξn+1
m Wm = ξmQ̂mτn .

In the same way we obtain

(LWmΦ)Kn = ξn+1
m Vm = ξmQ̂mKn .

Together, both expressions yield ii) since the τn , Kn are a basis.
iii) Observe that for n �= m the following holds

∏
k �=m,n

(Φ− ξk) = [αn(ξn − ξ−1
m )]−1Q̂n + [αm(ξm − ξ−1

n )]−1Q̂m (5.10)

Looking now at the product representations of the Q̂n one discovers with
the help of i) and ii) that, apart from factors, their derivatives are leading
to the kind of products given on the left side of (5.10). Hence we deduce
that LWmQ̂n can be expanded in a sum over the Q̂k

LWmQ̂n =
∑

r(m, n, k)Q̂k . (5.11)

Using the projection property of the Q̂n we obtain

LWmQ̂n = LWm(Q̂nQ̂n) = Q̂nLWmQ̂n + (LWmQ̂n)Q̂n

and the sum must collapse to just one term

LWmQ̂n = r(m, n)Q̂n .

Now using

0 = LWm(1) =
N∑

n=1

LWm(Q̂n) =
N∑

n=1

r(m, n)Q̂n

we see that indeed this last term also disappears.

Theorem 4 : For the basis chosen the following commutator relations hold

i) [Vm, Vn] = 0

ii) [Wm, Wn] = 0

iii) [Wm, Vn] = δn,m�Vm
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Proof: i) is again due to the fact that we have renormalized by quantities
with gradients orthgonal to all the Km .

The proof of ii) is seen from
[Wm, Wn] = LWmWn = LWmQ̂nτ0 =

= Q̂nLWmτ0 = −Q̂nLτ0Wm = 0 .

Here we used (5.7) and iii) of theorem 3 .
In the same way we find for iii)

[Wm, Vn] = Q̂nLWmK0 = �Q̂nVm = δm,n�Vm .

6 The Angle Variables

As before we consider a hereditary algebra such that condition 3 is fulfilled.
Now our aim is to find on the nondegenerate N -soliton manifold scalar
quantities, or at least their gradients, which grow linear in time under the
flows given by the Km. In other words we want to find N tangent vector fields
which are hamiltonian and span the complement of the N -dimensional space
given by the Kn. The gradients of these fields necessarily must be linear
combinations of the τn since these span the complement of the Kn. Recall
that a tangent field A is hamiltonian if

LAJ = 0 . (6.1)

Observation 3 : For the canonical basis elements we have

i) < JVm, Wn > = − δn,m < Jτ0, Vn >

ii) Lτm < Jτ0, Vn > = (λ + �) < Jτm, Vn > = (λ + �)ξn
m < Jτ0, Vn >

iii) grad < Jτ0, Vn >= −(λ + �)JVn

iv) LWm < Jτ0, Vn > = δn,m (λ + �) < Jτ0, Vn >

v) grad
(
ξn
−(λ+	) < Jτ0, Vn >

)
= 0 .

Hence there is a constant CJ , depending only on J, such that

< Jτ0, Vn >= CJξn
(λ+	) , n = 1, ..., N

vi) gradξn = CJ
−1ξn

(1−λ−	)JVn
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Proof: i) From the projection property of the Q̂n we obtain

< JVm, Wn > = < JVm, Q̂nτ0 > = < JQ̂nVm, τ0 > =

= < JQ̂nQ̂mK0, τ0 > = δn,m < JVm, τ0 > .

ii) From (5.8), observation 2 iv) and the product rule we deduce

Lτm < Jτ0, Vn > =

= (λ + m) < JΦmτ0, Vn > + < JLτm(τ0), Vn > + < Jτ0, [τm, Vn] > =

= (λ + m) < Jτm, Vn > − m < Jτm, Vn > + �ξn
m < Jτ0, Vn >=

= (λ + �) < Jτm, Vn >= (λ + �)ξn
m < Jτ0, Vn > .

iii) is an immediate consequence of ii) together with the facts that JVn

is orthogonal to all Km and LKm < Jτ0, Vn >= 0 .
iv) direct application of iii) and i) .
v) The above gradient applied on the Kn vanishes because it consists

of invariant quantities. So we only have to show that its application to the
fields τm is zero. But this is a direct consequence of ii) and lemma 3. Observe
that for the fact that the constant CJ does not depend on the index n one
has to use limits where different ξn approach the same value, thus allowing
an interchange of the indices.

vi) direct consequence of v) and corollary of lemma 3.

Theorem 5 : All the hk = ξ−λ
k Wk , k = 1, ..., N, are hamiltonian.

Proof: Keeping in mind remark 4 one easily finds with observation 3 and
theorem 3

< (Lhk
J)Vn, Wm > =

= Lhk
< JVn, Wm > − < J(Lhk

Vn), Wm > − < JVn, Lhk
Wm > =

= − δn,mδn,k ξ−λ
k (λ + �) < Jτ0, Vn > − � δn,k ξ−λ

k < JVk, Wm >

+ < JVn, Wk >< grad ξ−λ
k , Wm > =

= − (δn,mδn,k λ ξk
−λ + δn,k < grad ξ−λ

k , Wm >) < Jτ0, Vn > .

Using now the representation of grad ξm given in the corollary (lemma 3)
or in (5.9) we see that

< (Lhk
J)Vn, Wm >= 0 .
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The other scalar products like < (Lhk
J)Vn, Vm > and < (Lhk

J)Wn, Wm >
disappear right away because of the orthogonality of the respective vector
fields. Hence, because the Vn, Wm are a basis we have Lhk

J = 0 .
Obviously, theorem 5 gives the desired result, since now the 2N-dimensional

tangent space is spanned by two sets of vector fields each consisting of N
different hamiltonian vector fields. The elements of the first set {V1, ..., VN},
the gradients of the action variables, are invariant under the flows given by
the flows K0, ...,KN−1, whereas the elements of the second set {W1, ...,WN},
the gradients of the angle variables, are growing linear with time.

We should emphasize that this result only provides us with a local de-
scription of the action-angle variable representation. Finding the corre-
sponding potentials, i.e. the angle variables itself, is of course, a global
problem which must be based on a more detailed knowledge of global ge-
ometric properties of the manifold under consideration. This knowledge of
global geometric properties can not come from the (purely lie algebraic)
assumptions on the vector field Lie algebra as we have made them so far.

This is easily seen at the example of the KdV where in case of a N-soliton
manifold consisting of periodic solutions [35] the vector field Lie algebra is
the same as in case of a N-soliton manifold consisting of N localized solitons
which emerge asymptotically. However the geometric properties of these
two cases differ dramatically since in the first case we have a compact N-
dimensional torus (as is the case for every completely integrable system on
a compact manifold) whereas in the second case the manifiold is globally
homeomorphic to the 2N-dimensional plane.

It is quite clear that by Liouvilles theorem [2] in case of a compact mani-
fold the potentials for the angle variables can not be given globally. However,
as shown in the next section, in the second case, as well as in all other cases
where asymptotically N localized solitons emerge, an interpretation of the
potentials of the Jhn can be given in terms of phases. Again, this descrip-
tion then will not depend on the particular case under consideration, i. e.
it will be the same for all popular soliton equations.

7 Phases

We consider now the case where the hereditary algebra is generated by a
hereditary operator as described in (4.6) and (4.7). For simplicity it is
assumed that the corresponding hereditary operator is a local or semilocal
operator and that

K0(u) = ux . (7.1)
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This assumption is fulfilled for the well known completely integrable equa-
tions in 1+1 dimensions (with exception of the Benjamin Ono equation).
Special attention is paid to the equation generated by the K1

uσ = K1(u) = Φ(u)ux (7.2)

where, for the moment, the evolution parameter has been changed from t
to σ. The resolvent map assigning the solution u(x, σ) to the initial value
condition u(x) = u(x, σ = 0) we denote by R1(σ). Similarly we define the
resolvents for uσ = Kn(u). Then, in case that the initial value problem on
the manifiold under consideration can be suitably solved for all σ, the map
σ → R(σ) defines a one parameter group of diffeomorphisms. Due to the
fact that the Kn commute in the vector field Lie algebra these resolvents
also do commute

Rn(σ1)Rm(σ2) = Rm(σ2)Rn(σ1) . (7.3)

At this point we like to add a remark which is of a rather simple nature
but will be helpfull later on. Consider G(u, σ) a one-parameter family of
vector fields (parameter σ) such that G(u(σ), σ) is invariant with respect to
uσ = Kn(u) whenever u(σ) is a solution of this equation, i.e.

∂

∂σ
G = −LKnG . (7.4)

In that case G(u(σ), σ) can be easily recovered from G(u(0), 0) by use of the
Lie derivative

G(u(σ), σ) = exp(−σLKn)G(u(0), 0) . (7.5)

Since we shall apply this formula only to situations where the Taylor series
of exp(−σLKn) truncates no convergence problems will arise.

Before we continue any further we like to fix a parametrization for the

ONE-SOLITON-CASE: This manifold is determined by

K1 − ξK0 = 0 (7.6)

and consequently
τ1 − ξτ0 = 0 (7.7)

where ξ is the only zero (with multiplicity 2) of the characteristic polyno-
mial. This implies that K0 as well as τ0 are eigenvectors of Φ and that the
application of the resolvents Rn(σ) result in tranlations of the x-variable

(Rn(t)sξ)(x) = sξ(x + ξnt) . (7.8)
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We choose for each ξ a suitable sξ and define by sξσ the function generated
out of sξ by the flow R1.

sξσ := (R1(σ)sξ) . (7.9)

In order to compute the ξ-derivative of sξσ we take the mixed ξ, σ-derivatives
of both sides of (7.8) in case of n = 1. Abbreviating

S := sξ(x̃) , A :=
(

∂

∂ξ
S(x̃)

)
(7.10)

this yields for the point x̃ = x + ξt

∂

∂ξ
K1(S) =

∂

∂t

(
∂

∂ξ
S + t

∂

∂x
S

)

=
∂

∂t
(A + tK0(S)) . (7.11)

Using variational derivatives this can be written as

K ′
1[

∂

∂ξ
S] + tK ′

1[K0(S)] = A′[K1] + tK0(S)′[K1(S)] + K0(S) (7.12)

and, since K1 and K0 commute, we have finally found

LK1A = −K0 . (7.13)

Because A is a tangent field it can be written as a linear combination of K0

and τ0

A = aK0 + bτ0 . (7.14)

Taking now the Lie-derivative LK1 and keeping (7.6) in mind we obtain by
(1.12) b = ξ−1(1 + �)−1 or

∂

∂ξ
sξ = aK0 + ξ−1(1 + �)−1τ0 . (7.15)

The arbitraryness with respect to the K0-part is inevitable. This is due to
the translation invariance since at each ξ we are free to replace sξ by an
arbitrary x-translation of sξ. Giving up this freedom we can normalize such
that

∂

∂ξ
sξ = ξ−1(1 + �)−1τ0 . (7.16)

By use of translation this then leads to

∂

∂ξ
sξσ = ξ−1(1 + �)−1(τ0 + σ(1 + �)K1) . (7.17)
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There is another way of looking at this formula. Because ξ is an invari-
ant with respect to the flow uσ = K0(u) the field given on the one-soliton
manifold by

G(u(σ), σ) =
∂

∂ξ
sξσ (7.18)

must fulfill (7.4). Hence we obtain the ξ-derivative of sξσ by formula (7.5).
Using the fact that LK1τ0 = −(1 + �)K1 and (LK1)

mτ0 = 0 for m > 1 we
obtain

exp(−σLK1)τ0 = τ0 + σ(1 + �)K1 (7.19)

which leads to the same result as (7.17). Here, of course, we have used in
addition the fact that the Lie derivative LK1ξ is zero.

Now the manifold is completely parameterized by the variables ξ and σ.
Of course, these variables are the action-angle variables for the flows (7.2).
These are scalar quantities on the manifold and we want to express their
gradients in terms of the field variable u. The gradient of ξ is already known
from observation 3 vi).
Using the independence of σ from ξ we find by (7.17) that

0 =
∂

∂ξ
σ =< gradσ,

∂

∂ξ
sξσ >= ξ−1(1 + �)−1 < gradσ, τ0 + σ(1 + �)K1 > .

(7.20)
Hence we obtain

< gradσ, τ0 + σ(1 + �)K1 >= 0 (7.21)

or
Lτ0σ = −σ(1 + �)LK1σ . (7.22)

Furthermore the identities

1 =
∂

∂σ
σ =< gradσ,

∂

∂σ
sξσ >=< gradσ,K1 > . (7.23)

yield
LK1σ = 1 . (7.24)

Comparing these variables with the angle variable gradients found in the
last section we find

Lemma 5 :
grad(ξ(	+1)σ) = C−1

J Jh1
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Proof: With (7.21), (7.22) and lemma 3 we obtain

Lτ0(ξ
(1+	)σ) = σLτ0(ξ

(1+	)) + ξ(1+	)Lτ0(σ) (7.25)
= σ(1 + �)ξ(1+	) − ξ(1+	)σ(1 + �)LK1(σ) = 0 .

Following observation 2 iii) this coincides with C−1
J < Jh1, τ0 >. Since h1 is

hamiltonian and since the tangent bundle of our two-dimensional manifold
is spanned by the τ0 and K1 it only remains to show that

LK1(ξ
(1+	)σ) = C−1

J < Jh1, K1 > . (7.26)

But by (7.24) the left side is equal to ξ(1+	) which again is equal to the right
side by observation 3 v) (use h1 = ξ−λW1 = ξ−λτ0 and K1 = ξV1).

We now consider the general N -soliton manifold. We want to characerize this
manifold by its asymptotic data, i.e. by a comparison with a superposition
of N different one-soliton manifolds. Therefore we assume that the N-soliton
manifold is of such a nature that indeed N solitons emerge asymptotically.
That means, we require that the elements u vanish sufficiently rapidly at
x → ±∞ 3 and that the solution u(x, σ) of (7.2) decomposes for σ → ±∞
into N different travelling wave solutions

(R1(±σ)u)(x) 

N∑

i=1

si(x± ξiσ + q±i ) for σ → ±∞ (7.27)

where the si := sξi
are supposed to be the one-solitons we considered be-

fore. Of course, for this case the boundary conditions at ±∞ imposed on
the elements of the one-soliton manifold should also require that the si van-
ish sufficiently rapidly. Actually the asymptotic speeds ξi denote the same
quantities as in the last sections because if U(x, σ) = si(x−ξiσ) is a solution
of Uσ = Φ(U)Ux then obviously ξi is an eigenvalue of Φ(U) and, since the
overlap of the different si vanishes due to different speeds, it also must be an
eigenvalue of Φ(u). The quantities ξi, q±i , i = 1...N are called asymptotic
data.

Obviously the asymptotic formula (7.27) assigns to each manifold ele-
ment u = u(x) a set of quantities q±i . These quantities are called phases

3Since the fundamental paper of Lax [30] it is generally believed that if u(x) fulfills a sufficiently

strong vanishing boundary condition in x at∞ then for each eigenvalue ξi of the recursion operator

(squared eigenfunction operator) there automatically emerges for t → ∞ a corresponding single-

soliton. However, rigorously proved is that only, as far as we know, in case of the KdV (see for

example the recent paper [46]).
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and we shall demonstrate that, up to factors, they can be considered as
potentials of the angle variable gradients which where computed in the last
section. Using the local structure one easily demonstrates that indeed for
each equation

ut = Kn(u) (7.28)

the q±i differ from a time-independent quantity only by a term linear in t.
To see this consider for an arbitrary element u in the N -soliton manifold
the resulting solution of (7.28)

u(x, t) = (Rn(t)u)(x) (7.29)

and apply R1(±σ) for σ →∞. Then commutativity yields

R1(±σ)(u(x, t)) = (Rn(t)R1(±σ)u)(x)


 Rn(t)(
N∑

i=0

si(x± ξiσ + q±i ))



N∑

i=0

si(x± ξiσ + q±i + ξn
i t) , (7.30)

where the last 
-equality follows from the known dynamics of the one-
solitons.

As a result of (7.30) we find for the phases that

q±i (u(., t)) = q±i (u(., 0)) + ξn
i t . (7.31)

Hence the quantities
q±i (u(., t))− ξn

i t . (7.32)

are invariant with respect to the flow uσ = Kn(u). The linear term in t
suggests that this quantity can be identified as an angle variable. For the
one-soliton case this has already been demonstrated in lemma 5 since in the
one-soliton case the phases are

q±i = ξσ . (7.33)

Returning to the general case we observe that if differences are taken
then the linear terms cancel, hence

Δi := q+
i − q−i (7.34)
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are conserved quantities. These quantities are called phase shifts because
the Δi measure how much the i-th soliton is retarded from a one-soliton by
interacting with the other solitons which are present in the field.

We parametrize now the N-soliton manifold by assigning to each u its
set of asymptotic speeds ξi and phases qi = q+

i . We want to compute the
tangent fields uξi

and uqi given by their partial derivatives with respect to
these new parameters. We briefly indicate how such a derivative with respect
to asymptotic parameters is done.

We take some u and move it by application of R1(σ) with large σ far
to the outside such that the ξi and the qi can be easily recognized by the
asymptotic formula (7.27). Then we consider the infinitesimal change given
by the change of these parameters, and afterwards we move the vector fields,
we obtained by these infinitesimal changes, back via R1(σ), or rather by
formula (7.5). Let us carry this out in detail.

Since the ξi are invariant with respect to R1(σ) we obtain that uξi
must

be an invariant vector field, hence we obtain

exp(−σLK1)uξi
= (R1(σ)u)ξi

(7.35)

and the same formula must hold for the invariant qi + ξiσ instead of ξi. So,
equation (7.4) must also hold for the vector field

G(u(σ), σ) = uqi + σuξi
. (7.36)

Hence with (7.35) and (7.5) we obtain for uqi the relation

exp(−σLK1)uqi = (R1(σ)u)qi . (7.37)

For u(σ) = (R1(σ)u) we now use the asymptotic formula (7.27) for which the
changes are easily seen. In order to pull these changes back by exp(σLK1)
we express them in terms of fields for which the commutators with K1 are
well known. To do this we use the results which we derived for the one-
soliton case. For the change u(σ)ξi

we use formula (7.17), where of course
the fields K1 and K0 now have to be replaced by their asymptotic values
localized around the place where the i-th soliton is sitting, because this is
the only part which is affected by a change of ξi. To do this recall that the
Kn and the τn have eigenvector decompositions

Kn =
N∑

i=1

ξn
i Vi (7.38)
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τn =
N∑

i=1

ξn
i Wi . (7.39)

So, asymptotically at the place of the i-th soliton we have to replace K1 by
ξiVi and τ0 by Wi. Using this we find for large σ from the one-soliton case
(7.17)

u(σ)ξi
= ξ−1

i (1 + �)−1Wi + ξ−1
i (ξiσ + qi)Vi (7.40)

In comparing this formula with (7.17) one has to keep in mind that the
i-th soliton in (7.27) has undergone a phase shift compared to the sξσ in
(7.17). In this formula we have already given up the freedom of translation
invariance by requiring a normalization which coincides at +∞ with the
one we have choosen for the one-soliton case. Therefore this uξi

does not
coincide with the uξi

we would have obtained by using the asymptotics at
−∞. The difference between these two quantities is, as we see later on,
determined by the phase shift of the i-th soliton. Now for the pull back we
use

exp(σLK1)Vi = 0 (7.41)

and

exp(σLK1)Wi = Wi + σLK1(Wi) = Wi − σ(1 + �)ξiVi . (7.42)

The first formula is obvious since K1 and Vi commute, for the second formula
one has to keep in mind that LK1LK1(Wi) (second term in the Taylor expan-
sion of the exponential) is already zero since K1 commutes with LK1(Wi)
(which is taken from formula (5.6)). Inserting this and formula (7.40) into
(7.5) we find for arbitrary u

uξi
= ξ−1

i (1 + �)−1Wi + ξ−1
i qiVi . (7.43)

If we now want to perform the same analysis at −∞ instead, we have to
keep in mind that by scalar product and commutation relations the Wi are
only determined up to an additive term of the form Vi. The same of course
is true for the τi which are only fixed up to some arbitrary additive term of
the form Ki. But in our analysis of the asymptotic data we have normalized
the Wi in such a way that for σ → +∞ they coincide with the one-soliton
case. We should therefore write these quantities W+

i in order to emphasize
this normalization. So, if we choose now the asymptotics at −∞ instead we
have to normalize such that for time equal to −∞ the Wi again coincide
with those for the one-soliton case. These Wi we denote by W−

i , they differ
from the W+

i by a multiple of Vi: W+
i −W−

i = θiVi. These θi we call the
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phase shifts of the angle variables. It is interesting to note that they are not
the same as the phase shifts for the action variables Δi, however these two
quantities are related, as we will see in a little while. We now can write

u±ξi
= ξ−1

i (1 + �)−1W±
i + ξ−1

i q±i Vi (7.44)

and by taking again differences we recover the phase shifts for the action
variables

u+
ξi
− u−ξi

= Δiξ
−1
i Vi + ξ−1

i (1 + �)−1(W+
i −W−

i ) . (7.45)

After this detour let us return to our analysis at +∞ where, for conve-
nience, we drop the superscript +. The partial derivative uqi is now easily
computed. From the asymptotic formula (7.27) we obtain for ũ = (R1(σ)u)
and q(ũ) = qi + σξi the relation

ũqi(ũ) 
 six(x + σξi + qi) 
 Vi . (7.46)

From there we get with (7.37) the desired result

uqi = Vi (7.47)

Formulas (7.43) and (7.47) together yield

Theorem 6 : If the partial derivative of the field function u with respect
to any element of the asymptotic data is mapped into the vector fields, by
the implectic operator Θ(u), then an eigenvector of the recursion operator
is obtained. If the partial derivative with respect to an asymptotic speed is
taken then one obtains, up to an integrating factor, the gradient of an angle
variable, and if the partial derivative with respect to a phase is taken then
one obtains the gradient of an action variable.

In addition to this remarkable result formulas (7.44) and (7.47) allow us now
to compute the gradients of the phases and represent them in terms of the
fields Wi and Vi. That such a result can be achieved in full generality is
surprising insofar as the phases are quantities of a typical global nature, i.e.
they can only be recognized after having found the flow to its full extent and
having studied its asymptotics, whereas the fields Wi and Vi are of a local
nature since they are easily expressed in terms of the field variable itself.

For the computation of gradq±i we use (7.47) to observe

∂qi

∂qk
= δik =< gradqi, uqk

>=< gradqi, Vk >= LVk
qi . (7.48)
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Furthermore we obtain with (7.44)

∂qi

∂ξk
= 0 = < gradqi, uξk

>= (7.49)

= ξ−1
k (1 + �)−1 < gradqi, Wk > +qkξ

−1
k < gradqi, Vk > .

From here we get at ±∞, respectively

< gradq±i , Vk >= δik (7.50)

< gradq±i , W±
k >= −δik(1 + �)q±i (7.51)

which show that gradq±i is always a combination of JWi and JVi. The
coefficients of this linear combination are obtained by explicit comparison
with observation 3. Doing this we obtain

Theorem 7 : The gradients of the phases are

gradq±i = C−1
J ξ

−(λ+	)
i

{
JW±

i + (1 + �)q±i JVi

}
(7.52)

One should observe that the first term corresponds exactly to the one found
for the one-soliton solution (see lemma 5) whereas the second term is due to
the interaction of the different solitons. In addition, these formulas give us a
representation of the gradients of the phase shifts in terms of local densities.

Lemma 6 : For the phase shift of the i-th soliton we have

gradΔi = C−1
J ξ

−(λ+	)
i

(
Δi(1 + �)JVi + J(W+

i −W−
i )

)
. (7.53)

or, equivalently,

∂Δi

∂ξi
=< gradq+

i , u−ξi
>,

∂Δi

∂qi
= 0 . (7.54)

One should observe that the explicit form of (7.54) reads

∂Δi

∂ξi
= −ξ−1

i Δi + C−1
J ξ

−(λ+	+1)
i (1 + �)−1 < JW+

i , W−
i >

= −ξ−1
i (Δi + θi(1 + �)−1) (7.55)

and this gives the desired relation between the phases of the action and
the angle variables. In our opinion the general frame for the action-angle-
variables, which we have given in this section does not allow to determine
these quantities in more explicit form. Certainly, for the final computation
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of these quantities the explicit form of the equations under consideration has
to be considered. We believe that the explicit form of the phase shifts de-
pends on the general structure (given by equation (7.55)) and the singularity
structure of the degenerate two-soliton solutions. By that we mean those
solutions having eigenvectors of the recursion operator of higher multiplicity
than 2. However the popular results about additivity of phase shifts, which
have been proven for so many equations, can be obtained in full generality
from the results we have presented so far.

To do this we start with some N -soliton solution u, we parametrize all
quantities by their asymptotic data at +∞ and we single out the speed speed
ξN and phase qN for the fastest soliton. Then we consider a new solution
by changing only the parameter qi

ũ = u(qN ) +
∫ +∞

qN

Vi(q̃N )dq̃N . (7.56)

Since we are integrating along a tangent field this results is a new solution.
Obviously, this procedure corresponds to putting qi equal to +∞. So ũ is
the solution where the fastest soliton has been, for all times t, removed far
outside to +∞. So by this transformation we have created a N − 1-soliton
solution4. Now, let us look what effect this transformation has on the dif-
ferent phases at ±∞. At +∞, since we have removed the fastest soliton
which was already far away from the others, none of the other phases is
changed by this procedure. This especially because the integral in (7.56) is
nonzero only far beyond where the remaining solitons are localized. Com-
pletely different is the situation at −∞. Here the soliton which was removed
is the one farthest on the left side. By increasing its phase, it is first moved
through the second farthest on the left and then through the others. While
passing through any of these localized solitons the resulting solution has to
look like a translated two-soliton solution. Thus the removal of the fastest
soliton causes for each soliton where it passes through a phase shift which
is exactly the one which would be given by the corresponding two-soliton
having the same asymptotic data. This consideration can be continued and
shows that the phase shifts for this N -soliton case are obtained by adding
up the corresponding two-soliton phase shifts. Of course, instead of succe-
sively removing the solitons in decreasing order of speed to +∞ we could
have removed them in increasing order of speed to −∞. This just would

4In fact, a more detailed analysis shows, for the popular examples, that the fields u and ũ

are those connected by the usual Bäcklund transformations which eliminate solitons. The details

which are needed for this analysis can be found in [20].
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have changed the sign of the phase shifts and the order how the solitons
are numbered. By that we obtain, for example, that the two different phase
shifts appearing in a two-soliton solution are only differing in sign. Thus we
have obtained:

Theorem 8 : Let u be an N -soliton solution with asymptotic speeds ξ1, ..., ξN

and let uik, i < k be a two-soliton solution with asymptotic speeds ξi < ξk.
By Δik we denote the phase shift of the soliton with speed k which appears
asymptotically out of uik. Then the phase shift of the soliton with speed ξj

in u is given by

Δj =
N∑

i>j

Δij −
∑
i<j

Δji . (7.57)

8 Examples

8.1 The Korteweg-deVries Equation

Even for the well known KdV

ut = uxxx + 6uux (8.1)

our results yield a wealth of new information. The recursion operator for
this equation is given by

Φ(u) = D2 + 2DuD−1 + 2u (8.2)

and known to be hereditary [14]. This operator admits the scaling field

τ = xux + 2u (8.3)

fulfilling
LτΦ = 2Φ . (8.4)

According to (4.6) and (4.7) we find our hereditary algebra to be

τn = Φnτ0, τ0 =
x

2
ux + u (8.5)

Kn = ΦnK0, K0 = ux . (8.6)

with � = 1/2. For evaluation between elements from tangent space v and
cotangent space γ we introduce the bilinear form

< γ, v >=
∫ +∞

−∞
γ(x)v(x)dx (8.7)
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thus obtaining a representation of co-vector fields by densities. The crucial
operator J going from tangent space to cotangent space is then given by the
inverse of the differential operator

J = D−1 =
∫ x

−∞
ds (8.8)

and the scaling quantity λ is determined to be

λ = 1 . (8.9)

So, on the nondegenerate (ξ1 < ξ2 < ... < ξN ) N-soliton manifold

MN = {u|
N∏

i=1

(Φ(u)− ξi)ux = 0} (8.10)

the eigenvectors of Φ, with respect to eigenvalue ξi, are found to be

Vi =

⎛
⎜⎜⎜⎝

(Φ(u)− ξ1)...

delete︷ ︸︸ ︷
(Φ(u)− ξi) ...(Φ(u)− ξN )

(ξi − ξ1)...

delete︷ ︸︸ ︷
(ξi − ξi) ...(ξi − ξN )

⎞
⎟⎟⎟⎠ux (8.11)

Wi =

⎛
⎜⎜⎜⎝

(Φ(u)− ξ1)...

delete︷ ︸︸ ︷
(Φ(u)− ξi) ...(Φ(u)− ξN )

(ξi − ξ1)...

delete︷ ︸︸ ︷
(ξi − ξi) ...(ξi − ξN )

⎞
⎟⎟⎟⎠ (

x

2
ux + u) . (8.12)

Here the overbrace denotes those factors which have to be skipped from
the product. It is interesting to note that only the eigenvectors Vi corre-
spond to those eigenvectors which can be obtained from the Lax pair by the
usual spectral gradient method (squared eigenfunction method). However,
since in principle, everything about the KdV can be obtained by inverse
scattering this second eigenvector also must be and will be elaborated else-
where. The gradients of the angle variables of the multisoliton solutions for
the KdV are now easily given by theorem 5 as

Jhi = ξ−1
i JWi . (8.13)

48



Remarkable seems that we now have a simple method to determine explicitly
this quantity by taking partial derivatives with respect to asymptotic data.
We illustrate this in case of the two-soliton-solution whose explicit form can
be found in the literature [1]. For simplicity we consider the two-soliton
solution in Hirota form

u = 2
∂2

∂x2
log F (8.14)

where
F = 1 + exp(η1) + exp(η2) + exp(η1 + η2 + Δ) (8.15)

and
ηi =

√
ξi (x− ξit + di) . (8.16)

For ξ1 = 0.8, ξ2 = 0.4 this solution is plotted5 in figure 1. Looking at the
plots one should have in mind that they represent the qualitative behaviour
of the corresponding functions. As they are depending on the eigenvalues
the actual shape clearly is slightly different for other eigenvalues of the re-
cursion operator.

Fig. 1 Two-Soliton of the KdV with ξ1 = 0.8, ξ2 = 0.4
5All the following figures are plots of the t-slices of the corresponding functions. For the

next two figures x ranges from −33 to +33 and t from −30 to +30. In figure 1 the viewpoint
is (70, 80, 90), in figure 2 it is (70,80,40). The function values are enlarged by a factor 24. In
figure 3 x ranges from −18 to +40 and t from −13 to +35. The viewpoint is (90,55,20) and the
enlargement of the function values has been reduced to a factor 1.5. This different magnification
is necessary due to the fact that the Wi grow linearly with time.
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Looking at the asymptotics it is easily determined that

Δ = Δ12 (8.17)

must be the phase shift of the soliton with speed ξ1. Of course, the di are
not the asymptotic phases, but they are equal to these quantities up to an
additive term depending only on t and the ξk. Since we have chosen our
parametrization such that the qi and the ξi are independent we obtain that
the partial derivative of u with respect to qi must be the same as the partial
derivative with respect to the di. Hence from (7.47) we easily retrieve the
Vi as

Vi =
∂

∂di
u . (8.18)

Even this simple fact already leads to surprising identities. For example as
a consequence of (7.38) we find for the two-soliton-solution

ux =
∂

∂d1
u +

∂

∂d2
u (8.19)

This formula easily generalizes to higher multisolitons. Of course, know-
ing the Hirota form, this identity is easily verified. However without that
knowledge it comes as a surprise. Therefore one easily guesses that there is
an intimate connection between our results about the multisoliton manifold
and the Hirota mechanism. This connection will be described elsewhere in
detail. Another striking consequence is that this identity can be iterated to
second and third order derivatives and leads, for example, right away to the
Hirota form of the corresponding solutions of the singularity equation for
the KdV. We will elaborate this aspect at the end of this subsection. The
shape of this eigenvector V1(x, t), which represents the x-derivative of the
density of an action variable, has been plotted in figure 2.
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Fig. 2 x-derivative of the
density of the Action Variable for the eigenvalue ξ1 = 0.8

The second eigenvector of Φ is easily taken from (7.43) as

W+
i =

3
2
(ξi

∂u+

∂ξi
− q+

i

∂u+

∂di
) (8.20)

where the q+
i are easily found to be

q+
1 = d1 + ξ1t + Δ12, q+

2 = d2 + ξ2t−Δ12 . (8.21)

Since the density of an angle variable is only determined up to addition of
an arbitrary multiple of the density of the corresponding action variable we
may drop the second term q+

i ∂u+/∂di and consider the partial derivative
∂u+/∂ξi as the representative for the vector field generated by the derivative
of the density of an angle variable. This function is plotted in figure 3.

Fig. 3 x-derivative of the
density of the Angle Variable for the eigenvalue ξ1 = 0.8
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Using the formulas that we have derived so far one easily computes the phase
shifts for the two-solitons, and consequently, by the superposition theorem
8, the phase shifts for the general multisolitons. This, of course, leads to
the well known formuli [31], therefore we leave out these computations and
concentrate on other issues instead. In [23] the interacting soliton equation
for the KdV

s2st = s2sxxx − 3ssxxsx +
3
2
s3
x +

3
2
ms2sx (8.22)

was introduced. This equation again constituted a completely integrable
system. For a solution u of the KdV it was shown that, whenever sx is
an eigenvector with eigenvalue ξ = m of the recursion operator Φ(u) such
that s is the square of an eigenfunction of the corresponding Schrödinger
operator, then s(x, t) has to be a solution of (8.22). Hence we find6

Remark 5 : If u(x, t) is a solution of the KdV having an asymptotically
emerging soliton with speed m and if s is defined in the following way by
the partial derivative of the field variable u with respect to the corresponding
phase qm

s = D−1 ∂

∂qm
u (8.23)

then s is a solution of the interacting soliton equation (8.22).

Since (8.22) is again a completely integrable hamiltonian system with
localized hereditary recursion operator [23] we may now apply the decom-
position (8.19) to the soliton solutions of that equation. And from this
decomposition we may derive again a decomposition of the corresponding
multisoliton of the KdV. This second decomposition is exactly the second
soliton decomposition studied in [23] which alllowed a description of the
interaction between solitons in terms of virtual solitons.

Remark 6 : If u(x, t) is a N-solution of the KdV with asymptotic speeds ξi

and phases qi then

ux =
N∑

i=1

N∑
k=1

∂

∂qi

∂

∂qk
u . (8.24)

This game can be continued.

Another interesting aspect is that there is always a connection between the
6During the completition of this work we have learned that Blaszak [4] independently has

found the same result.
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interacting soliton equation and the singularity equation which comes out of
the Painlevé analysis. For the KdV this soliton-singularity transform yields
that whenever s is a solution of the interacting soliton equation then the
function φ given by

s = φx/φ2 = − d

dx

(
1
φ

)
(8.25)

must be a solution of the singularity equation of the KdV [47]

st =
{

s
(sx

s

)
x
− s

2

(sx

s

)2
}

x

. (8.26)

Remark 7 : If u(x, t) is a solution of the KdV having an asymptotically
emerging soliton with speed m and if φ is defined in the following way by
the partial derivative of the field variable u with respect to the corresponding
phase qm

φ = −
(

D−2 ∂

∂qm
u

)−2

(8.27)

then φ is a solution of the singularity equation (8.26) of the KdV.

In addition to these observations we may use these results directly in
order find solutions for the Harry Dym equation

�t = �3�yyy (8.28)

Let s be the quantity defined in (8.23) then by the well known results about
reciprocal transformations ([41],[40]) we know that for

y =
∫ τ

−∞
s(x, t)dx (8.29)

the function
�(y(τ), t) := s(τ, t) (8.30)

defines a solution of the Harry Dym equation.

Remark 8 : If u(x, t) is a solution of the KdV having an asymptotically
emerging soliton with speed m and if s is defined in the following way by
the partial derivative of the field variable u with respect to the corresponding
phase qm

s = D−1 ∂

∂qm
u (8.31)

then � as defined in (8.30) is a solution of the Harry Dym eqution (8.28).
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As a consequence of this remark we observe that, since the asymptotic
data of the KdV equation can be brought into one-to-one correspondence
with the spectral data obtained by the inverse scattering method, we have
obtained a direct method to apply the inverse scattering transform of the
KdV to solve the Harry Dym equation. The computational details of this
transfer will be presented elsewhere.

8.2 The Nonlinear Schrödinger Equation

On the Schwartz space of complex valued functions z : RI → CI we consider
the Nonlinear Schrödinger Equation (NLS)

zt = i(zxx + |z|2z) . (8.32)

Starting with
K0(z) := zx (8.33)

and the scaling field
τ0(z) := xzx + z (8.34)

the hereditary recursion operator ([14])

Φ(z) := iD + 2izD−1(Re(z̄ ·) (8.35)

determines the hereditary algebra to be

Kn = ΦnK0 , τn = Φnτ0 . (8.36)

Here the operator Re(z̄ ·) stands for taking the real part of its entry multi-
plied by z̄, i.e.

Re(z̄w) =
1
2
(z̄w + zw̄) ,

where the bar denotes complex conjugation.
One obtains

[τ0, K0] = K0 , (8.37)

hence the scaling factor has to be � = 1. The duality between elements v
from the tangent space and γ from cotangent space is given through

< γ, v >=
∫ ∞

−∞
γ(x)v(x) dx . (8.38)
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Then the symplectic operator J is defined as multiplication with i

J := i (8.39)

and Lτ0J = J yields
λ = 1 . (8.40)

Zakharov and Shabat ([48],[49]) have studied in detail the pure N -soliton
solutions of the NLS. They have the structure of modulated oscillating waves
of which the envelopes behave like KdV-solitons. Therefore in analogy the
envelope of a N -soliton solution of the NLS is characterized through 2N real
parameters, the asymptotic speeds and the asymptotic phases ([9]). Observe
that due to condition 3 and the antisymmetry of J the eigenvalues ξk of Φ
are real. So our approach is fully applicable and with the results of section 7
we obtain that the asymptotic speeds are given by ξk. Then the eigenvectors
Vk, Wk are easily found in analogy to (8.11) and (8.12). Furthermore the
gradients of the angle variables of the multisoliton solutions for the NLS are
determined to be

Jhk = ξ−1
k JWk . (8.41)

To compute explicitly the partial derivatives with respect to the asymp-
totic data we take the 2-soliton z(x, t) in Hirota form ([28]). It is given
by

z(x, t) =
G(x, t)
F (x, t)

(8.42)

with

G(x, t) = 2|ξ1|sechχ1 exp(iζ1)(cos φ1 + i sin φ1 tanhχ2)
+2|ξ2|sechχ2 exp(iζ2)(cos φ2 + i sin φ2 tanhχ1) , (8.43)

F (x, t) = cosh a +
sinh a(tanhχ1 tanhχ2 − sechχ1sechχ2 cos(ζ1 − ζ2)) ,(8.44)

where the following abbreviations are used

exp a =
(ξ1 − ξ2)2 + 1
(ξ1 + ξ2)2 + 1

φ1 = arg(
(ξ1 − ξ2)− i

(ξ1 + ξ2)− i
) , φ2 = arg(

(ξ2 − ξ1) + i

(ξ1 + ξ2) + i
) ,
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χ1 = ξ1x− ξ1t + d1 , χ2 = ξ2x− 3ξ2t + d2 ,

ζ1 =
1
2
x + (ξ2

1 −
1
4
)t , ζ2 =

3
2
x + (ξ2

2 −
9
4
)t .

For the eigenvalues

ξ1 = 1 and ξ2 =
3
2

the corresponding 2-soliton z(x, t) is easily derived. Our plot7 (figure 4)
shows the square of the modulus of z(x, t), i.e. |z|2.

Fig. 4 Modulus of the two-soliton of the NLS with ξ1 = 1, ξ2 = 3
2

Again the first set of eigenvectors Vk are found to be

Vk =
∂z

∂dk
,

their shapes represent the x-derivative of the density of an action variable.
The plot of |V1(x, t)|2 is given in figure 5. The second set of eigenvectors are
determined by

Wk =
∂z

∂ξk
.

In analogy their shapes represent the x-derivative of the density of an angle
variable, |W1(x, t)|2 is plotted in figure8 6.

7In figure 4 the range of data for x is from −10 to +10, t varies from −4 to +4. The viewpoint

is (70,70,70), the actual x- and the function values are enlarged by a factor 1.4. In figure 5 x

ranges from −13.5 to +13.5 and t from −10 to +10. The viewpoint is (70,70,70) and the actual

function values are enlarged by a factor 2.
8Here the viewpoint is (50,80,50), x varies from −10 to +10 and t from −8 to +8. The function

values are reduced by a factor 0.0025.
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Furthermore, if one introduces the interacting soliton equation ([23]) of the
NLS the first three remarks of the subsection 8.1 remain valid for the NLS.

Fig. 5 Modulus of the x-derivative of the density of the Action Variable for
ξ1 = 1

Fig. 6 Modulus of the x-derivative of the density of the Angle Variable for
ξ1 = 1
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8.3 The Hirota-Satsuma System

All the results above also are fully applicable to two component systems. As
a example we consider the coupled system of KdV-like equations (HS)

(
u
v

)
t

=
(

1
2uxxx + 3uux − 6vvx

−vxxx − 3uvx

)
=: G0(

(
u
v

)
) . (8.45)

introduced by Hirota and Satsuma ([29]). The components u and v are again
functions in the Schwartz-class S( RI ) and the duality between elements K
from the tangent space and γ from cotangent space with

K(
(

u
v

)
) =

(
K1(u, v)
K2(u, v)

)
and γ(

(
u
v

)
) =

(
γ1(u, v)
γ2(u, v)

)
(8.46)

is given through

< γ, K >=
∫ ∞

−∞
γ1(x)K1(x) + γ2(x)K2(x) dx . (8.47)

In [16] a compatible bi-hamiltonian formulation for the system under con-
sideration was obtained with

Θ(
(

u
v

)
) =

(
1
2D3 + Du + uD , Dv + vD

Dv + vD , 1
2D3 + Du + uD

)
(8.48)

and

J(
(

u
v

)
) =

(
1
2D + D−1u + uD−1 , −2D−1v

−2vD−1 , −2D

)
(8.49)

The corresponding recursion operator Φ = ΘJ is hereditary ([24]), hence
it gives rise to a hierarchy of commuting symmetries Gi = ΦiG0 . If one
chooses in addition as a starting symmetry the generator of space translation

K0

(
u
v

)
= 3

(
ux

vx

)
, (8.50)

a second hierarchy is constructed by Ki = ΦiK0. Since G0 and K0 commute,
the hereditaryness of Φ guarantees that for all n, m ∈ NI 0

[Kn, Gm] = 0 . (8.51)
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The Lie derivatives of Θ and J into the direction of the scaling field

τ0(
(

u
v

)
) =

1
4

(
xux + 2u
xvx + 2v

)
(8.52)

yield Lτ0Θ = 0 and Lτ0J = J determing the scaling factor λ to be λ = 1.
With τn = Φnτ0 one easily obtains

[τn, Km] = (
3
4

+ m)Kn+m , [τn, Gm] = (
3
4

+ m)Gn+m ,

[τn, τm] = (m− n)τn+m ,

i.e. � = 3
4 . According to the developed theory on the nondegenerate N -

soliton manifold

MN = {
(

u
v

)
|

N∏
i=1

( Φ(
(

u
v

)
)− ξi)

(
ux

vx

)
= 0} (8.53)

the eigenvectors Vi, Wi of the recursion operator are determined by (5.4)
and the gradients of the angle variables are given as

Jhi = ξ−1
i JWi . (8.54)

For the explicit computation of the partial derivatives w.r.t. the asymptotic
data we choose a 2-soliton solution of the evolution equation

(
u
v

)
t

= K1(
(

u
v

)
) = (8.55)

(
1
4uxxxxx + 5uxuxx + 5

2uuxxx + 15
2 u2ux − 10uvvx − 5uxv2 − 5vxvxx − 5vvxxx

−5uvxxx − 5
2u2vx − 5uxvxx − 5

2uxxvx − 5v2vx − vxxxxx

)
.

In [29] Hirota and Satsuma found a 2-soliton solution for the system (8.45).
Modifying the velocities a 2-soliton solution for (8.55) is given by

u = 2
∂2

∂x2
log f , v =

g

f

with

f = 1 + a20 exp(2η1) + a11 exp(η1 + η2) + a02 exp(2η2) + a22 exp(2η1 + 2η2)
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and

g = exp(η1) + a21 exp(2η1 + η2) + exp(η2) + a12 exp(η1 + 2η2)

where the following abbreviations are used

ηi = ξix− ξ3
i t + di for i = 1, 2

a20 =
1

8ξ4
1

, a02 =
1

8ξ4
2

,

a11 =
2

(ξ1 + ξ2)2(ξ2
1 + ξ2

2)
, a21 = a20

(ξ1 − ξ2)2

(ξ1 + ξ2)2
,

a12 = a02
(ξ1 − ξ2)2

(ξ1 + ξ2)2
, a22 = a02a20

(ξ1 − ξ2)4

(ξ1 + ξ2)4
.

For the eigenvalues ξ1 = 1 and ξ2 = 0.4 the components u and v are plotted
in figure 7 and 8, respectively9.

Fig. 7 1. component of the two-soliton of HS for ξ1 = 1, ξ2 = 0.4
9The viewpoint in these two cases is (15,50,30). In figure 7 x varies from −15 to +15 and t

from −18 to +15. In figure 8 x ranges from −16 to +16 and t from −14.5 to +14.5. The actual
x-values are enlarged by a factor 1.5, whereas the function values are enlarged by a factor 4 in
figure 7 and by a factor 5 in figure 8.
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Fig. 8 2. component of the two-soliton of HS for ξ1 = 1, ξ2 = 0.4

Again the first set of eigenvectors Vk are found to be

Vk(
(

u
v

)
) =

∂

∂dk

(
u
v

)
,

their shapes represent the x-derivative of an action variable. Figures 9 and
10 show the components10 of V1 for the eigenvalues ξ1 = 1 and ξ2 = 0.4.
The partial derivatives w.r.t. ξk yield the second set of eigenvectors

Wk(
(

u
v

)
) =

∂

∂ξk

(
u
v

)
,

which represent the x-derivative of the density of an angle variable. The
components of W1 are plotted in figure 11 and 12.

10In figures 9 and 10 the viewpoint is (55,85,40), x varies from −8 to +9 and t from −6 to
+5. The actual x- and t-values are both enlarged by a factor 2. In figure 9 the function value
is enlarged by a factor 1.5, in figure 10 the choosen factor is 2. The viewpoint of figure 11 is
(90,60,20), in figure 12 it is (90,50,20). x ranges from −30 to +30 and t from −20 to +20. The
actual x- and t-values are both reduced by a factor 0.5, whereas the function values are reduced
by a factor 0.1 in figure 11 and a factor 0.3 in figure 12.
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Fig. 9 x-derivative of the density of the Action Variable for ξ1 = 1
(1. component)

Fig. 10 x-derivative of the density of the Action Variable for ξ1 = 1
(2. component)

Fig. 11 x-derivative of the density of the Angle Variable for ξ1 = 1
(1. component)
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Fig. 12 x-derivative of the density of the Angle Variable for ξ1 = 1
(2. component)

9 Comparison with other work

Fundamental contributions in the area of action-angle representation of the
KdV were made by B.A. Dubrovin and S.P. Novikov ([35],[8],[7],[6]). Com-
paring their results with ours the first difference one discovers is that they
give a representation for periodic solutions whereas we cover, in our exam-
ples, only the case of vanishing boundary conditions. So, the question arises
whether our method can be applied to non-vanishing boundary conditions
as well.

At first the answer seems rather discouraging. Looking at the explicit
form of the crucial mastersymmetries one finds for the KdV

τ0 =
x

2
ux + u (9.1)

τ1 = Φτ0 =
x

2
Φux +

1
2
(Φx− xΦ)ux + Φu (9.2)

=
x

2
K1 + (D − uxD−2)ux + Φu

=
x

2
K1 + uxD−2ux + 2uxx + 4u2

Obviously, the term uxD−2ux makes sense in case of vanishing boundary
conditions because there D−1 may be considered as integration from −∞
to x. But certainly such a term does not make sense at all for periodic
solutions. Nevertheless the impression, that the whole method collapses for
the KdV in case of nonvanishing boundary conditions, is far from being cor-
rect. One should observe that the term in front of the D−2 is a symmetry
generator and that the same remains true for higher order τ ’s. A further
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analysis shows indeed that for the sum (0.16) of the τ ’s the coefficients of
these symmetry generators in front of the D−2 are exactly our generic coef-
ficients cn. Hence11, in forming the sum all these terms cancel out and the
resulting vector field is well defined also for nonvanishing boundary condi-
tions. Furthermore, one observes that obviously the commutation relations
for the sums representing the Vi and Wi are independent of the boundary
conditions. So, we have obtained

Observation 4 : Although the τ ’s are not well defined for nonvanishing
boundary conditions the resulting Vi’s and the Wi’s are well defined and all
commutation relations given in sections 5 and 6 remain valid.

This shows that also in case of finite band potentials, as considered
in [34], the fields Wi and Vk are a base of the tangent space. The same
arguments go through for other equations as well. However, our description
of the tangent bundle is strictly local. So, certainly the question whether
or not the manifold is an N-torus or the RI 2N cannot be answered by use
of mastersymmetries. Of course, only by restricting our attention to local
geometrical viewpoints we could find a method which simultaneously covers
cases which are quite different in their global geometric structure.

But there are more, and rather considerable, differences between the
work of Dubrovin-Novikov and ours. In order to see this clearly we briefly
describe some major points of their work.

(A.1) They use the well known isospectral Schrödinger problem and solve
its eigenvector representation in case of finite band potentials. They show
that the finite band potentials are the analogs to what the Bargmann po-
tentials are in the discrete case.

(A.2) The connection with the symmetry generators is established by
showing that a periodic u is a finite band potential if and only if u is of a
form such that

N∑
n=1

cnKn(u) = 0 . (9.3)

There is a condition imposed on the cn, but this condition is equivalent to the
nondegeneracy condition we imposed on the solutions of the characteristic
polynomial.

(A.3) Equation (9.3) obviously is an ordinary differential equation in
x. This equation is taken as an evolution equation in x with an evolution

11A formal proof that the semilocal terms D−1 always cancel will be given elsewhere.
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parameter x. Then it is proved that for almost all cn and periodic u this sys-
tem, if the coefficients cn are taken as additional coordinates, is completely
integrable in RI 2N .

(A.4) The principal method for obtaining all these results is the spectral
analysis of the Schrödinger operator.

The last point is a rather unessential one since, for the KdV, a principal
comparison between the Schrödinger operator and the recursion operator
can be carried out. This comparison allows to retrieve in detail all com-
putational aspects connected to the isospectral analysis of the Schrödinger
operator. However two fundamental differences remain:

(A.5) Novikov and Dubrovin investigate the x-evolution whereas we in-
vestigate the t-evolution.

(A.6) The manifolds, where the flow takes place, are rather different.
They consider a flow in the finite dimensional RI 2N whereas our flow takes
place on a submanifold of some infinite dimensional space. To stress this
point: Their solution set is the manifold where our flow takes place.

So it looks as if completely different results were obtained. And one
gets the impression that we did not prove that the concrete solutions of
the completely integrable system can be obtained by quadrature because we
used a manifold for the flow that we did not investigate any further and for
which we may not be able to find a reasonable description. However this
impression is misleading. Let us concentrate first on (A.5) and ask whether
we could have obtained the same results for the flow parameter x instead of
t. An obvious procedure to achieve that would be the following:

(A.7) By introduction of components rewrite the equation under consid-
eration in such a way that it is an evolution equation with respect to the
variable x instead.

(A.8) Find for this new system a hereditary recursion operator.
(A.9) Show that the new x-system is hamiltonian.
(A.10) Apply the results of this paper to the new situation.

To clarify what we mean by the rewriting procedure (A.7) we illustrate
that for the KdV. We introduce new field variables U = u, V = ux and
W = uxx and rewrite then the KdV as

⎛
⎝ U

V
W

⎞
⎠

x

=

⎛
⎝ V

W
Ut − 6UV

⎞
⎠ . (9.4)
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Actually at first (A.8) looks rather hopeless, but surprisingly it is not. In
[22] it was shown12 that if we start with a system having a hereditary recur-
sion operator then, by use of mastersymmetries, any linear transformation
in (x, t)-space leading to a new evolution parameter gives a system which
again has a hereditary symmetry, and the corresponding hereditary oper-
ator can be constructed explicitly. The only point which was not cleared
up completely was whether or not the new system is always hamiltonian.
For the examples presented in [22] the hamiltonian structure was found by
simple inspection.

This observation shows that the second difference (A.7) has been resolved
automatically: Since any reparametrization preserves complete integrability
we can reparametrize the flow which we obtained for the x-evolution by
suitable coordinates in RI -space. The reason why we did not choose from
the beginning the same evolution parameter as Novikov and Dubrovin is
fairly obvious. We rather like to work in the somewhat more physical space
given by all solutions, and we prefer the geometrical characterization of the
tangent bundle in that space because it is closer to applications since it
allows more easily to work with perturbations of the field variable.

Using these results we obtain:

Observation 5 : If a system with a hereditary recursion operator is rewrit-
ten in such a way that a new evolution parameter is obtained from a linear
transformation in (x, t)-space and if the new system is again hamiltonian
then the manifold

MN = {u | there are cn such that
N∑

n=o

cnKn(u) = 0} (9.5)

can be described by quadrature.

Another interesting and fundamental contribution to the action-angle prob-
lem has been given by TenEikelder [45]. His work also establishes a close
connection to the recursion operator.

He investigates a class of integrable hamiltonian systems on a finite di-
mensional space with a suitable recursion operator Φ. With the help of
certain (listed below) spectral properties of Φ he locally finds symplectic
coordinates in which the hamiltonian has a special form, such that these

12The second author of [22] is not identical with the second author of the present paper.
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coordinates can be regarded as action-angle variables for the system under
consideration. We briefly describe the details of his work.

For a hamiltonian system

ut = Θgrad H

on a 2N -dimensional manifold TenEikelder requires that there is a recursion
operator Φ with the following properties

(B.1) Φ = ΘJ has an implectic-symplectic factorisation.
(B.2) Φ has N distinct eigenvalues λi, i = 1, ..., N . The dimension of all

the corresponding eigenspaces is 2, and the λi must have nonzero gradients
everywhere.

He then shows that there are 2N eigenvectors Yi, Zi, i = 1, ..., N which
mutually commute. The Yi can be chosen as

Yi = Θgrad λi i = 1, ..., N .

And by Frobenius’ theorem [39] there is a coordinate system λi,qi such that

Yi =
∂

∂qi
, Zi = − ∂

∂λi
, i = 1, ..., N .

In these coordinates the implectic operator Θ takes his normal form

Θ =
(

0 1
−1 0

)

where the matrix element 1 stands for the identity operator in RI N . Hence,
λi, qi are the canonical symplectic coordinates with respect to Θ. Since these
coordinates correspond to eigenvectors of Φ, this operator is in diagonal
form. With the help of (B.1) the symplectic operator J is found to be of a
very simple form too.

Expressing now the hamiltonian H in the new coordinates λi, qi one
obtains that H can only have the special diagonal form

H = H(λ1, ..., λN , q1, ..., qN ) =
N∑

i=1

hi (λi) .

which shows that the symplectic coordinates λi, qi are of the same local
structure as action-angle variables for a completely integrable system.
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The thrust of of TenEikelder’s work and ours is different. We wanted
to give a concrete geometrical characterization of the tangent structure of
multisoliton systems in terms of globally defined vector fields (mastersym-
metries), whereas TenEikelder concentrated on the structure of finite dimen-
sional systems and cared only marginally how these systems are embedded
in higher dimensional manifolds. However, the algebraic structure on the
finite dimensional manifolds is locally the same, which of course is no sur-
prise because that structure is canonical. In a way, a main part of our work
consisted in showing that TenEikelders results apply to reductions of infi-
nite systems to suitable finite dimensional invariant submanifolds. We like
to add that only the detailed knowledge of the embedding into the space of
all (physical) solutions allowed us to analyze the asymptotic data in terms of
the algebraic quantities found on the finite dimensional invariant manifold.

And we believe that the construction of the discrete spectrum by partial
derivatives with respect to asymptotic data can be carried over conveniently
to the continuous case and will eventually provide criteria which allow to de-
termine the recursive structure of the symmetry group by knowing only the
full 1-soliton manifold (for a nonalgorithmic determination of the recursion
operator from the 1-soliton manifold see [20] ).

We like to add that our paper, as well as that of TenEikelder, shows
that the structure which was found by use of the recursion operator is in-
deed canonical for all completely integrable finite dimensional hamiltonian
systems. I order to see this, one should start reading the present paper
beginning with section 4 and leave out anything before that section. Then
one easily finds, that for a completely integrable hamiltonian system there
always is a suitable vector field algebra which fulfills the commutation re-
lations required in hereditary algebras. Then using this algebra all the fol-
lowing results can be obtained exactly in the same way. This also shows
that the results of TenEikelder can easily be obtained by the arguments of
the present paper. This observation also is supported by looking at those
examples of finite dimensional manifolds where a complete analysis has been
carried out by the use of Lax pairs (like the beautiful paper [34]). Rephras-
ing the results in these papers the reader will discover that they may be cast
into the algebraic frame given in [45] and in the present paper.

Another paper which has to be mentioned in this context is [3] of M. Blaszak.
He also uses the spectral decomposition of the recursion operator as a basic
tool.

For most integrable hamiltonian systems the Hirota formalism provides
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a parametrization of a N -soliton solution through the velocities and phase
shifts of the corresponding N asymptotic 1-solitons. Interestingly Blaszak
constructs these coordinates by use of the spectral decomposition of the
recursion operator, in addition he needs to use the symmetry structure and
one additional hamiltonian mastersymmetry.

Blaszak starts with an integrable hamiltonian system in the sense that
there is a hierarchy of commuting hamiltonian symmetries Km = Θgrad Hm

with recursion operator Φ. Furthermore, he assumes the existence of one
hamiltonian mastersymmetry of the form

τ0 = Θgrad

∫ ∞

−∞
xh(u) dx =: Θgrad F (u) ,

where h(u) is the density of one action variable. Then the case of N -soliton
solutions is considered.

Starting with the eigenvectors ψi of the recursion operator he obtains
a representation of the action variables Hm as linear combinations of <
Jψi, τ0 > where J = Θ−1 (in our notation). The potential F (u) of the
required hamiltonian mastersymmetry τ0 is then written as a sum over <
xJψi, τ0 >. In this way Blaszak constructs 2N functionals δi

0, πi and he
succeeds in introducing a transformation relating these functionals with a
set of canonical coordinates pi, qi in classical phase space. The corresponding
classical hamiltonian system is interpreted as a system of N Galilean-like
point particles.

One observes that it is possible to recover Blaszak’s results from the
present paper. Of course, the situation considered in [3] is considerably
more special since additional assumptions are made about hamiltonian mas-
tersymmetries and no description of the tangent structure is given, however
a beautiful link to the bilinear structure is provided. Certainly this pa-
per is fundamental because it allows a better understanding of the Hirota
formalism from the viewpoint of the recursion operator.

Furthermore one observes that Blaszak was not able to prove the action/angle-
character of his basic functionals δi

0, πi on the N -soliton manifold, whereas
we described the corresponding quantities in the Lie algebra of vector fields.
A question about the connection of these two approaches naturally arises
and will be answered in a forthcoming paper.
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