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Abstract:

The Liouville-Arnold [22] theorem, stating that a Hamiltonian flow on a 2N -
dimensional manifold with N different conservation laws in involution is in-
tegrable, is generalized to the following: Given an N -dimensional system of
ordinary differential equations (ODE’s) having (N −1) Lie-Bäcklund symmetry
generators, which together with the vector field given by the equation, do span
at each point of the phase space an N -dimensional tangent space. Then this
system is integrable (in the same sense as in the Liouville-Arnold theorem). Be-
cause of the fact that Hamiltonian systems have - in a natural way - a Noether
operator [12], by which a map from gradients of conservation laws onto Lie-
Bäcklund symmetry generators is given, the Liouville-Arnold theorem certainly
is a special case of the result presented here (when applied to the level surfaces
of the conservation laws).

1 Introduction and Survey

Ever since the fundamental Work of Sophus Lie ([17], [18], see also [25] or [14],
[2]) symmetry analysis for Differential Equations was in the center of finding
closed-form and explicit solutions of Ordinary Differential Equations. With the
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advent of Soliton theory many of these methods have been carried over suc-
cessfully to Partial Differential Equations (PDE’s). There, other, more general
symmetries than those introduced by Lie (nowadays called Lie Point symmetries
or contact transformations) came into the focus, namely Lie-Bäcklund symme-
tries. Of course, more often than symmetries itself, their infinitesimal generators
were in the center of interest, since the symmetries related to the generators were
less accessible than their generators, because these represent the infinitesimal
(and therefore linear) picture of complicated situations.
The aim of all these considerations was to find out whether or not a differential
equation could be called integrable. However, especially in the field of partial
differential equations, the notion of integrability is not as precisely defined as it is
desirable (see [26] for getting an outline). There are many variants of this notion,
ranging from C-Integrability [4] over F-Integrability) and S-Integrability to D-
Integrability - only to name a few (see [24], [11], [19], [20] or [15] for obtaining
a survey)
In order to clarify what the present paper is all about, we briefly sketch the
principal results obtained by symmetry analysis in the area of ordinary differ-
ential equations and systems of such equations. For this, we need to introduce
the different notions of integrability and of symmetries (restricting ourselves to
the principal differences).
We consider some N -dimensional C∞-manifold M (henceforth called phase
space). The variable on M we denote by u. For simplicity, we assume that
we have chosen a suitable C∞-coordinate system (at least locally), so that u can
be considered as a vector having N components

u =


u0

u1
...

uN−1

 .

A first order system of differential equations for u, where u = u(x) depends
on some additional independent variable x, we write as ux = K(u, x) or more
detailed as 

u0(x)
u1(x)

...
uN−1(x)


x

=


K0(u, x)
K1(u, x)

...
KN−1(u, x)

 (1)

where if K is independent of x, K is a vector field on the manifold, and where
if K is not independent of x, we rewrite the system as
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u0(x)
u1(x)

...
uN−1(x)
uN(x)


x

=


K0(u, uN)
K1(u, uN)

...
KN−1(u, uN)

1

 . (2)

Thus eliminating the explicit dependence on x of the right-hand-side by intro-
ducing a new component uN , whose derivative with respect to x is 1. This
extended system uniquely corresponds to the original one, only now the equa-
tion is translation invariant with respect to x, a fact for which we have to pay
by enlarging the dimension of phase space. Hence on the extended manifold

M × R = {(u, uN)|u ∈ M, uN ∈ R}

we now have a system of differential equations of first order given by some vector
field on that manifold. So, we observe, that in all cases we have to consider a
flow given by a vector field on some manifold and that the difference whether
or not differential equations explicitly depend on the dependent variable or not
amounts only to a difference in the dimension of phase space by 1. Therefore
we may write our extended system as

ux = K(u), (3)

where K(u) is a vector field on the manifold under consideration.
An N -th order differential equation

y(N) = Φ(y, y′, y(2), ..., y(N−1), x) (4)

fits into that picture by considering instead

u0 = y
u1 = y′

u2 = y(2)

...
uN−1 = y(N−1)

uN = x

(5)
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and rephrasing the equation as
u0

u1
...

uN−1

uN


x

=


u1

u2
...

Φ(u0, u1, u2, . . . , uN−1, uN)
1

 . (6)

The result of all this rewriting is that we now have obtained a unified situa-
tion1(expressed by (3)), i.e. a situation where we we have only to deal with
vector fields on some manifold (phase space or extended phase space), which
are, if solutions are uniquely defined by initial values, infinitesimal generators of
one-parameter groups. To see this, take the map from all possible initial values
u(x = 0) onto the orbit points at x

u(x = 0) → u(x) (7)

then, because of translation invariance this is a one-parameter group.
Let us turn our attention to different notions of symmetries or their generators,
respectively. For this, we consider smooth curves Γ(x(t), u(t)) in (x, u)-space,
parameterized by, say, t. For example, solution curves of either (1), (2), (6) or
even (4) (under the replacement (5)). Furthermore, we consider smooth families
(parameterized by ε) of maps form curves onto curves

Γ → R(Γ, ε), (8)

where

R(Γ, ε) := (Q1(Γ, x(t), u(t), ε), Q2(Γ, x(t), u(t)), ε) (9)

Q1, Q2 denoting the components, then, as usual, this family is said to be a one-
parameter group (with respect to ε) if it is a representation of the additive group
R. It is said to be a symmetry group for the equation under consideration, if
solution curves are mapped onto solution curves. Often groups are only given
by their generators (i.e. by a differential equation where then the group is
determined by the general solution to the initial value problem as in (7). In our
setup the infinitesimal generator is a pair of smooth maps from the triples

(Curves Γ, u = points on Γ, x = points in R) (10)

1And, in addition we do not need to consider notions like prolongations [25] or contact
transformations.
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onto M × R.
We denote these maps by their two components

(ξ(Γ, x(t), u(t)), η(Γ, x(t), u(t))), (11)

where

ξ(Γ, x(t), u(t)) :=
∂

∂ε |ε=0
Q1(Γ, x(t), u(t), ε), (12)

η(Γ, x(t), u(t)) :=
∂

∂ε |ε=0
Q2(Γ, x(t), u(t), ε). (13)

In principle, under suitable smoothness and growth conditions, to each such
map (11) there is a one-parameter group. However, in general, this group only
can be found by integrating a dynamical system (sometimes necessarily on an
infinite dimensional manifold). Since generators are more accessible than their
groups, we focus on the infinitesimal generators instead, i. e. we turn our focus
on maps like (12) and (13).

Terminology 1. For the moment we start with an ODE of the form (4), i.e.
with u0 = y and we consider a one-parameter group mapping solution curves Γ
onto solution curves Γ̃. The infinitesimal generator ((12),(13)) of this group is
said to be

(i) the generator of a Lie point group, or a Lie point generator, if the functions
ξ and η do not depend on Γ, but only on the point (x(t), y(t)).

(ii) the generator of an autonomous group, or an autonomous generator, if
ξ = 0, i.e. i.e. if the transformations do not change the x-values.

(iii) The generator of an x–independent group, or an x–independent generator,
if the functions ξ and η only depend on y, but not on x, i.e. if the functions
are invariant under application of the one-parameter group given by x-
translation.

(iv) A local group, or a local generator, if the functions ξ and η are local
curve functions in the sense that they only depend on the points x(t), y(t)
and their derivatives with respect to t (up to some finite order), but not
on far away points. The order of the highest derivative is said to be the
differential order of that generator.
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(v) A Lie–Bäcklund group, if it is autonomous and local.

(vi) A non-local generator otherwise, i.e. when we may have a far-away de-
pendence on the points of Γ.

For the groups we use the same terminology if their generators are of respective
kind.
One should note, that non-local symmetries which are taken into account here,
are more general than those usually considered in the literature (for example
see [16], [21], [3] only to mention a few of the many papers on non-locality in
a more restrictive sense). We prefer to call, in a far reaching sense, any kind
of symmetries non-local when it cannot be considered as local. There are not
so many applications of non-local generators, although in some papers they are
considered as examples [1]2. As an example may serve:

Example 2. A genuine non-local symmetry:
Consider for some function ϕ(x) the linear ODE for u = u(x)

uxx − ϕ(x) u = 0 (14)

and the PDE for s = s(t, x)

sstx − sxst = 1 (15)

Here, indices denote, as usual, derivatives. Then, when the initial condition
u := s(t = 0, x) is a solution of (14), then any section ũ(x) := s(t = const, x)
given by constant t is a solution of (14) as well. Hence the initial value problem

s(t = 0, x) → s(t, x) (16)

defines a symmetry group which genuinely depends on the solution curve for
(14).

Proof. Now, let in addition ϕ also depend formally on t, and define,

ϕ(t, x) :=
s(t, x)xx

s(t, x)
(17)

We have to prove that this is independent of t, and we obtain:

ϕ(t, x)t =
sxxt s− sxx st

s2
=

(
sxt s− sx st

)
x

s2
, (18)

which must be zero because of (15).

2However, shortly we shall publish a paper where applications of such generators to Dif-
ferential Galois theory are given.
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Remark 3. Let us review what is common knowledge about symmtries:

(i) The most is known for the case of Lie-point groups or their generators,
respectively. Above all Lie’s celebrated theorem:
If an N-th order differential equation admits a group GN of N Lie point
symmetries3 that is solvable and acts transitively in the space of first inte-
grals, then the solutions can be given in terms of N line integrals. ([25] p.
86).

(ii) Let (4) be a either a first order equation, or a second order equation, in
case of second order however with Φ not explicitly depending on x. Then
by knowing either one Lie point generator or a Lie-Bäcklund generator of
first order, we can integrate the equation. (This fact is the basis of the
very many and efficient algorithms of Cheb Terrab and others for these
equations [5],...,[10]).

There are more results, however these are more easy to present in case when we
transfer our symmetry notions to the unified situation expressed by (3). There
we adopt, for the moment, the same definitions as in Terminology 1, only with
the multicomponent variable u replacing y.

Remark 4. Here however, all the differences in notions appearing in Remark
(3) is not really necessary, because in this situation (and because we are willing
to consider multicomponent dependent variables of arbitrary many components)
we have:

(i) Lie point symmetry generators can be rewritten as autonomous local gen-
erators of first order.

(ii) Using the differential equation under consideration, which is of first order,
we can express derivatives in local generators by a dependence in u alone,
thus formally obtaining a Lie point generator (however, of multicomponent
type).

(iii) x-dependent symmetries we may transform into x-independent symmetries
by extending the phase space dimension by 1.

Hence, in this context there is no real difference between the different types of
local generators. The exceptional features of Lie point generators in the situation
of Terminology 1 comes only from the fact that these can be considered as flows

3or symmetry generators
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on a two-dimensional submanifold. Therefore we may generalize Remark 3 (ii) to
the case where for a flow on a 2-dimensional manifold another two-dimensional
generator is given, then this flow is integrable4. And, for the case where for an
N -dimensional flow N commuting generators defining flows on 2-dimensional
submanifolds are given, then we may integrate this flow. In order that we
do not mix up in this unified situation the generators with the 2-dimensional
generators which are given by the usual Lie point generators we call in this
situation all local generators Lie-Bäcklund generators. Hence, we have only to
do with non-local generators and Lie-Bäcklund generators.
And in case of a Lie-Bäcklund generators G(u) of a group RG(u) we have a
criterion of utmost simplicity whether or not this group is a symmetry group
for (3).

Remark 5. The vector field G(u) is a generator of a symmetry group for (3) if
and only if the vector fields G(u) and K(u) commute

JG(u), K(u)K = 0, (19)

where the commutator is defined by the variational derivative5

JG(u), K(u)K := K ′(u)[G(u)]−G′(u)[K(u)]

:=
∂

∂ε |ε=0

(
K(u + ε G(u))−G(u + ε K(u))

)
. (20)

However there are other results for this general case. The most sophisticated
one, the Liouville-Arnold theorem [22](which we generalize in the next section).
Furthermore, the most often used one (even if the user is not aware of it), is the
reduction theorem in case that a symmetry group is explicitly given instead of
only determined by its generator.
We present this last theorem here in a somewhat more general form than it is
usually found in the literature:

Theorem 6. Consider a one-parameter symmetry group of either the flow (2)
or (1) on some manifold M . Then take any submanifold M̃ of phase space
with codimension 1 such that at each point of this manifold its group generator

4We shall prove a more general result anyway.
5Here, one might argue that quantities like K(u + ε G(u)) are only properly defined when

the manifold M is a vector space. However in that case, we choose a coordinate system around
u given by an open set of a vector space, and then perform the derivatives in coordinate space
instead (using the fact that the quantity on the right-hand-side of (20) is independent of the
coordinate choice).
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is never tangential to M̃ . Then the order of the differential equation can be
reduced by 1. Or differently stated, we may replace the differential equation by a
differential equation on M̃ (modified flow) such that there is a unique and explicit
way of getting solutions of the original flow from solutions of the modified flow.

Proof. Let RG(τ) be a symmetry group for

ut = K(u) (21)

with generator G(u), i.e. for each τ the curve RG(τ)(u(t)) is a solution of the
equation under consideration when u(t) is a solution. For simplicity, we assume
that the submanifold is given as zero set of some function F (which locally
always is the case)

M̃ = {u ∈ M |F (u) = 0}, (22)

We modify the given flow by adding a suitable part of the generator G(u) to its
right-hand-side

Ut = K(U) + γ(U) G(U), (23)

such that this modified flow stays on M̃ , i.e. γ must fulfill

〈∇(F ), K(U) + γ(U) G(U)〉 = 0 (24)

where ∇(F ) denotes the gradient of F at U and the bracket 〈 , 〉 denotes appli-
cation of the covector field (given by the gradient) to a the vector field within
the bracket.
Thus, the modified flow on M̃ reads

Ut = K(U)− 〈∇(F ), K(U)〉
〈∇(F ), G(U)〉

G(U), (25)

Then if U(t) is a solution of the modified flow, and if

σ(t) :=

∫ t

0

〈∇(F ), K(U(s))〉
〈∇(F ), G(U(s))〉

ds (26)

the function

u(t) := RG(σ(t))(U(t)) (27)

is a solution for the original flow having initial value u(t = 0) = U(t = 0).
Direct application of derivatives proves this claim. Observe that for guaranteeing
that the fraction appearing in (26) does exist, we needed the assumption about
G(u) not being tangential to M̃ . Furthermore, by going through the details we
needed the fact that JG(u), K(u)K = 0.
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Indeed, it is surprising how many of the heuristic methods appearing in text-
books about differential equations are direct consequences of this simple theo-
rem. For example, when linear inhomogeneous equations are solved by taking
solutions of the corresponding homogeneous equations, when the method of vari-
ation of constants is applied, when a linear equation is transformed in a Riccati
equation, when differential operators are factorized. Indeed most elementary
explicit solution methods can be linked to this result. Unfortunately the re-
sult needs symmetry groups and does not transfer when only symmetry group
generators are given. Therefore more sophisticated results are needed like Cheb-
Terrab methods, the Liouville-Arnold theorem, or the result we shall present in
the next section. However first we need to complete our tour d’horizon by
making precise what we understand under a system of ODE’s being integrable.

We are interested in the integrability of the system (2), having N+1-dimensional
phase space. We consider the smallest algebra A(u0, · · · , uN) containing the
components of u, and a predefined and fixed set of functions which contains at
least the functions K0, · · · , KN .

Definition 7. The equation (2) then is said to be is strictly integrable whenever
there are new coordinates in phase space F0, ..., FN , which can be obtained
by quadratures of quotients of elements in A(u0, · · · , uN)6, such that the flow
given by the equation leaves the N coordinates F1, ..., FN invariant and lets the
N + 1-st coordinate F0 grow linearly with t.

In contrast to this strict integrability, we mean by integrability if in addi-
tion to elements from A(u0, · · · , uN) also implicit functions involving such
elements may be involved.

2 The integrability result

As before M is some (N + 1)-dimensional C∞-manifold, at least locally diffeo-
morphic to some open subset of RN+1. We assume that M is simply connected.

6i.e. the gradients of the coordinate functions F0, ..., FN are quotients of elements in
A(u0, · · · , uN ).
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2.1 Notation

We need a minimal amount of tensor analysis and the tools of Lie derivative
and exterior derivative in order to prove our main result (see for example [23]
for basic explanations).

By L(M) we denote the set of all vector fields on M , by L̂(M) the set of
all covector fields on M and by F(M) the set of all scalar fields on M . The

application of a covector field Γ ∈ L̂(M) to some vector field K ∈ L(M) will
be denoted, as before, by 〈Γ, K〉, the result is in F(M). The set of all n-times-
covariant and m-times-contravariant tensors on M is denoted by T(n,m)(M).

We have L̂(M) = T(1,0)(M), L(M) = T(0,1)(M) and F(M) = T(0,0)(M). The

gradient ∇ maps F(M) into L̂(M), or T(0,0)(M) into T(1,0)(M). Recall that

T ∈ T(n,m)(M) is a multilinear form on
⊗n L(M)

⊗m L̂(M), where
⊗k denotes

the k-times direct product. If for T ∈ T(n,m)(M) we fix as first vector field in this
direct product some G ∈ L(M), then we obtain a tensor in T ∈ T(n−1,m)(M).
This tensor we denote by T •G (inner product). This inner product generalizes
the duality which we already used for covector fields and vector fields, because
for Γ ∈ L̂(M) and K ∈ L(M) we have

Γ •K = 〈Γ, K〉. (28)

The Lie derivative
K → LK

is a differential geometric invariant construction mapping each K ∈ L(M) onto
a derivative on all tensors. It is defined by its actions on L(M) and F(M) and
then extended by the product formula to all tensors (see [13] for details). For
F (u) ∈ F(M), the Lie derivative LK of F (u) is given by

LKF (u) := 〈∇F (u), K(u)〉 (29)

and for G ∈ L(M) by

LKG(u) := JK(u), G(u)K. (30)

Then, by the product rule, we obtain for Γ ∈ L̂(M), K ∈ L(M), and all
G ∈ L(M)

〈LKΓ, G〉 = LK〈Γ, G〉 − 〈Γ, LKG(u)〉. (31)

Note, that the quantities on the right-hand-side are well defined by our basic
definition. Hence, the linear map LK is extended to

LK : L̂(M) → L̂(M).
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The exterior derivative d is another differential invariant derivative defined only
on the covariant tensors such that the order of covariance is increased by 1. We
define it by use of the Lie derivative in a recursive way:

(i) For F ∈ F(M) we set

dF := ∇(F ) (32)

(ii) and for T ∈ T(n,0)(M) we define

(dT ) •K := LKT − d(T •K) for all K ∈ L(M). (33)

A covector field Γ is said to be closed if dΓ = 0. Since we assumed M to be
simply connected we know:

Lemma 8. (Poincaré Lemma) If the covector field Γ is closed, then it is the
gradient of some F ∈ F(M), i.e.

Γ = ∇F . (34)

2.2 Integrability when sufficiently many Lie-Bäcklund
symmetry generators are known

Now, we consider again the general equation (3) on the (N + 1)-dimensional
manifold M

ut = K(u). (3)

And we assume that we have vector fields K1(u), . . . , KN(u) being symmetry
generators for (3) i.e.

JK(u), Ki(u)K = 0, i = 1, ..., N .

For consistency of notation we put K0 := K.
We assume that these symmetry generators do commute among each other

JKi, KjK = 0 for all 1 ≤ i, j ≤ N (35)

Furthermore, we assume that for all u ∈ M the set {K0(u), K1(u), . . . , KN(u)}
are linearly independent vectors in the tangent space at u.
Then, since the {K0, K1, . . . , KN} do span the tangent space, we can determine
covector fields {Γ0, Γ1, . . . , ΓN} such that for all 1 ≤ i, j ≤ N

〈Γi, Kj〉 =

{
1 if j = i

0 otherwise
(36)

is fulfilled.
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Lemma 9. Under these assumptions we have

(i) LKj
(Γi) = 0 for all 0 ≤ i, j ≤ N .

(ii) The Γi are closed covector fields for 0 ≤ i ≤ N .

Proof. Since the {K0, . . . , KN} do form a basis of the tangent space, it suffices to
characterize the covector fields Γ0, . . . , Γn (as linear maps) by their application
to the elements of this basis. The rest follows by taking linear combinations
with scalar fields as coefficients.
(i) We know by (36) that

LKj
〈Γi, Ks〉 = 0 for all 0 ≤ i, j, s ≤ n

because the 〈Γi, Ks〉 are constant scalar fields. Furthermore, by (35) that

LKj
(Ks) = JKj, KsK = 0. (37)

The product rule for Lie derivatives now yields

0 = LKj
〈Γi, Ks〉 = 〈LKj

(Γi), Ks〉+ 〈Γi, LKj
(Ks)〉.

Because of (37) the second term on the right-hand-side vanishes, hence
〈LKj

(Γi), Ks〉 = 0. And, since the Ks do run through a basis we finally have
LKj

Γi = 0.

(ii) From the recursion formula for exterior derivatives (33) we obtain

(dΓi) •Ks = LKs(Γi)− d〈Γi, Ks〉,

for all 0 ≤ s ≤ N . On the right-hand-side, the first term is zero because of (i),
and the second term is zero as well because the 〈Γi, Ks〉 are constant by (36).
Again, since the Ks run through a basis, we have (dΓi) = 0, hence the Γ are
closed.

Remark 10.
Of course, in concrete situations the Γ are determined by the Gaussian algo-
rithm: Choose as coordinate system around u given by some open connected
subset of RN+1. Do represent vector fields as column vectors and covector fields
as row vectors, such that the interior product is given by matrix multiplication.
Then combine out of the columns given by the K0, · · · , KN an (N +1)×(N +1)-
matrix, which by assumption is invertible (columns are linearly independent).
Then the rows of the inverse of this matrix are the Γ we are looking for.
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Now, since the necessary prerequisites are gathered, we finally define
A(u0, · · · , uN) to be the algebra obtained, in some suitable coordinate space, by
the components of the Ki, i = 0, ..., N . We return to our equation (3). By the
Poincaré Lemma there are then coordinate functions F0, ..., FN such that

∇Fi = Γi for i = 0, ..., N (38)

since the Γi are closed.
The Fi are obtained by quadratures from elements which are quotients in
A(u0, · · · , uN) (result of Gaussian algorithm). And because of (36) we have

LK(F0) = 〈∇(F0), K〉 = 〈Γ0, K〉 = 1 (39)

LK(Fi) = 〈∇(Fi), K〉 = 〈Γi, K〉 = 0 for i = 1, ..., N. (40)

Equation (39) shows that the coordinate F0 grows linearly with the flow (3) and
equation (40) yields that the other coordinates do not change under this flow.
This proves the central and final result:

Theorem 11. If for the equation

ux = K(u) (3)

there are symmetry generators K1, ..., KN which commute among each other and
are such that the set {K(u), K1(u), ..., KN(u)} spans the tangent space for each
u, then this equation is strictly integrable.
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